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We develop a machine precision transfer matrix method that can be used for a wide range of ordinary differential 
equations and eigenvalue problems. One of the major drawbacks of transfer matrix approaches is the requirement 
to sweep parameters in a shooting-like manner, thus lacking in precision in comparison to finite difference 
methods. We resolve this by finding the zero of the analytically calculated first derivative of the transfer 
matrix. This allows us to outperform the finite difference approach and compute eigenvalues with high precision 
and linear numerical complexity. We test the developed model in the following scenarios in semiconductor 
quantum heterostructures: standard Schrödinger equation under effective mass approximation with parabolic 
subbands, with two-band nonparabolicity, a 4th order Schrödigner equation that accounts for nonparabolic 
subbands using the 14 k⋅p approach and calculation of the interface phonon modes dispersion relations and the 
mode prfiles. We show that the developed derivative transfer matrix method outperforms the finite difference 
method by being able to handle higher spatial resolution and having better time performance. The numerical 
implementation of our models is available as an open-source package in MATLAB version that can be found on 
https://github.com/AcaDemicNanoLab/dTMM_Schrodinger.

1. Introduction

The transfer matrix method (TMM) is a widely used numerical 
method for solving ordinary differential equations (ODE) first intro
duced as a mathematical technique in statistical mechanics [1]. The 
TMM has found many applications such as the calculation of propa
gation characteristics in planar waveguides [2,3], the investigation of 
spontaneous emission in a DFB-laser [4,5], analysis of acoustic waves 
in multilayered structures [6--8], solving the photonic band structure 
in photonic crystals [9--11], as well as the investigation of bound and 
scattering states in metal–oxide--semiconductor (MOS) structures or 
quantum-well heterostructures [12--16].

The TMM approach offers an intuitive way of solving ODEs due to its 
ability to sew analytical solutions across the numerical grid. However, 
for eigenvalue problems, such as the calculation of electronic structure, 
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two issues arise: the elements in the total transfer matrix do not have 
the same order of magnitude for eigenvalue solutions and the eigen
value search is typically performed through a shooting-like approach 
[17]. The first issue is resolved by seeking minimal or maximal values 
of TMM elements instead, while the second issue has not been addressed 
in the literature so far to the best of our knowledge. In this work, we in
troduce a compact algorithm that calculates the first derivative of the 
transfer matrix with linear numerical complexity. This approach allows 
us to avoid a shooting-like search for eigenvalues and employ incremen
tal search zer-finding algorithms for the first derivative of the transfer 
matrix which typically converge quickly. The theoretical framework 
of our derivative transfer matrix method (dTMM) is presented in Sec
tion 2. Recently there have been some applications of the derivative 
of the transfer matrix for the sensitivity analysis for multibody systems 
[18,19], as well as for the analysis of multiple natural frequencies for 
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the vibration of a symmetric mechanical system [20]. We note that our 
approach extends beyond eigenvalue problems as our algorithm enables 
seeking the first derivative of any parameter that affects the total trans
fer matrix within the TMM framework. In our analysis, we study two 
ODEs in which TMM has been applied extensively: calculation of the 
electronic structure of devices based on multiple quantum well (MQW) 
semiconductor superlattice and calculation of interface phonon modes 
in semiconductor heterostructures via the dielectric continuum model 
(DCM).

Quantum Cascade Lasers (QCLs) [21--24] are MQW devices that em
ploy hundreds of alternating semiconductor layers to tailor the elec
tronic structure for unipolar laser emission. This has allowed QCLs to 
generate sources beyond the limits of the material bandgap in traditional 
semiconductor lasers. QCLs emit from mid-infrared to the far-infrared 
part of the spectrum, spanning energy separations on a scale of hun
dreds of meV to only several meV. This has led to increasing number 
of applications in imaging, medical diagnostics, and chemical sensing 
[25--32].

The calculation of QCL electronic structures requires the solving of 
the Schrödinger equation, usually within the electron effective mass for
malism. The solutions are Bloch waves representing quasibound quan
tum subbands that can be exploited for the lasing process. The subbands 
have parabolic dispersion in 𝑘 space, but depending on the underlying 
material systems and crystal structure the solutions may deviate from 
parabolic dispersion and require treatment of nonparabolicity during 
the calculation of the electronic structure. These effects are essential in 
semiconductor structures with small bandgaps, MQW systems that com
prise narrow energy spacing between the subbands and MQW systems 
that exploit high-energy subbands.

There are several approaches to the calculation of nonparabolicity 
effects in the conduction band, the most common is the two-band Kane 
model that takes into account the interaction of the conduction band 
and the light-hole valence band [33--36]. A more complex treatment 
takes into account three bands or more such as in the work by Ekenberg 
[37] that treats 14 bands resulting in the Schrödinger equation of the 
4th order.

In Section 3 we apply our dTMM to calculate the parabolic and two
band nonparabolic electron structure of terahertz-frequency (THz) QCLs 
grown in different material combinations. We validate our model by 
comparing with a finite difference method (FDM) [38] and analyse an 
exemplary structure that is particularly sensitive to numerical precision 
of calculated eigenvalues and for which the standard TMM approach 
may cause diverging solutions.

In Section 4 we apply the dTMM to the calculation of the non
parabolic electron structure of QCLs within the 14 k⋅p model from 
[37,39]. We investigate the effect of nonparabolicity on the electron 
structure of the conduction band, and compare the results with the two 
band nonparabolic model.

In Section 5 we analyse the numerical performance of both the 
dTMM and the FDM. We compare the CPU-time performance as well 
as the convergence of calculated ground and lasing level states of these 
numerical solvers versus the spatial resolution of the numerical grid ap
plied to an exemplary QCL.

The optical-phonon-assisted electron transitions play an important 
role in QCLs. The spacial cofinement in heterostructues affects both the 
semiconductor electron structure, and the acoustic and optical-phonon 
modes, which further affect the interaction between electrons and these 
phonon modes. As a result of this cofinement, interface and cofined 
phonon modes are formed. A standard way of calculating the dispersion 
relations and electrostatic phonon potentials of interface modes is by 
using the TMM [40].

In Section 6 we show how the dTMM can be used for the calculation 
of the dispersion relations of localised interface phonon modes in het
erostructures and the calculation of the electrostatic potential of each 
mode within the DCM formalism.

We note that all applications of dTMM approach treated in this paper 
are accompanied by the corresponding numerical package. Our software 
is released in MATLAB version which can be found on https://github.
com/AcaDemicNanoLab/dTMM_Schrodinger.

2. Derivative transfer matrix method

The TMM is a general numerical method that can be used for a wide 
range of problems that deal with ODEs. Its requirement is that the total 
system can be broken into a sequence of subsystems that interact only 
with adjacent subsystems. Another requirement is that for each of these 
adjacent subsystems analytical solutions are available.

The analytical solutions of a ODE 𝑥𝑖 and 𝑥𝑖+1 for two adjacent sub
systems are 𝑘-dimensional vectors consisting of the eigenstates of the 
equation of the 𝑖-th and the 𝑖 + 1-th subsystem respectively, hence 𝑘 is 
typically equal to the order of ODE equation. The transfer matrix 𝑀𝑖

is a 𝑘 × 𝑘 matrix that describes the transition between the 𝑖-th and the 
𝑖+ 1-th subsystem, which can be written as:

𝑥𝑖+1 =𝑀𝑖𝑥𝑖 (1)

If we apply Eq. (1) recursively across the entire grid and link the 
starting and the ending subsystem, the solution of the ODE is:

𝑥𝑁𝑧+1 =𝑀𝑁𝑧
𝑀𝑁𝑧−1..𝑀2𝑀1𝑥1 =𝑀𝑥1 (2)

where 𝑀 is the total transfer matrix of the system.
Depending on the application, 𝑚𝑖𝑗 elements (or their combinations) 

in 𝑀 matrix need to satisfy particular conditions, typically for which 
certain boundary conditions must be satified, and that imposes a con
dition for the solutions of the first 𝑥1 and the last subsystem 𝑥𝑁𝑧+1. This 
usually requires us to seek the condition that some 𝑚𝑖𝑗 (or their combi
nation) element is zero, minimal or maximal.

In eigenvalue ODEs, such as the Schrödinger equation, which is used 
for the calculation of the electronic structure, the TMM requires us to 
seek zeroes or extrema of 𝑚𝑖𝑗 (𝐸) dependence, so that a particular eigen
value 𝐸 represents the solution of the ODE. In numerical calculations 
𝑚𝑖𝑗 is often a complex number, so instead of finding the zero of 𝑚𝑖𝑗 , the 
minimum of the modulus |𝑚𝑖𝑗 | is found and the eigenvalue that corre
sponds to this condition is taken as the energy of the subband state.

The challenge that arises is that the eigenvalue grid needs to be tra
versed with usually equidistant step 𝑑𝐸, thus the value of 𝑑𝐸 would 
dictate the numerical precision of the calculated eigenvalues. This is one 
of the key drawbacks of the standard TMM approach, as the numerical 
cost for achieving machine precision in a ``shooting-like'' sweep of poten
tial eigenvalues is extremely high given that we typically need to cover 
eigenvalue range of several hundreds of meV with 𝑑𝐸 ≈ 10−16 meV
spacing. We note that Schrödigner equation can be solved with a FDM 
that results in a corresponding system matrix whose eigenvalues are at 
the same time required solutions and these inherently have machine 
precision.

The standard TMM approach may be accelerated by using the adap
tive mesh approach [39]. For instance, if we perform an eigenvalue 
sweep with a coarse 𝑑𝐸 step, we will obtain a set of potential eigenvalue 
candidates, and then we can repeat the TMM approach in a narrow grid 
around each candidate. If we repeat this process several times, we may 
achieve the same precision as the FDM approach. However, the draw
back of this approach is that we need to evaluate the function 𝑚𝑖𝑗 (𝐸) in 
each step, and given that 𝑚𝑖𝑗 (𝐸) is determined from analytical subsys
tems that are discretized on a spatial grid of size 𝑁𝑧, this is still a very 
costly algorithm.

The standard TMM approach and its acceleration through the adap
tive mesh have been a trademark of the TMM formalism in the litera
ture, with a remark that the TMM cannot achieve machine precision for 
eigenvalue problems efficiently as FDM approaches. To the best of our 
knowledge, there was no attempt to exploit the semi-analytic nature of 
TMM and calculate its first derivative. This would enable us to find ex
trema of |𝑚𝑖𝑗 (𝐸)| elements through a range of zero finding algorithms, 
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savings us unnecessary calculations of |𝑚𝑖𝑗 (𝐸)| in adaptive mesh grids 
and the only potential drawback would be the algorithmic cost of calcu
lating the derivative of the transfer matrix. In this work, we show that 
the numerical complexity of calculating 𝑑|𝑚𝑖𝑗 (𝐸)|

𝑑𝐸 is linear.
The total transfer matrix is given in Eq. (2), and since this is a com

posite matrix product of matrices in Eq. (1), the first derivative of total 
transfer matrix is:

𝑑𝑀

𝑑𝐸 
=

𝑑(𝑀𝑁𝑧
𝑀𝑁𝑧−1..𝑀2𝑀1)

𝑑𝐸 
=

𝑑𝑀𝑁𝑧

𝑑𝐸 
𝑀𝑁𝑧−1..𝑀2𝑀1 +𝑀𝑁𝑧

𝑑𝑀𝑁𝑧−1

𝑑𝐸 
..𝑀2𝑀1...

+𝑀𝑁𝑧
𝑀𝑁𝑧−1..

𝑑𝑀2
𝑑𝐸 

𝑀1 +𝑀𝑁𝑧
𝑀𝑁𝑧−1..𝑀2

𝑑𝑀1
𝑑𝐸 

(3)

The sum in Eq. (3) contains 𝑁𝑧 terms, each of which is a product of 
𝑁𝑧 parts, where 𝑁𝑧 is the total number of subsystems on a spatial grid on 
which we are applying the TMM. In order to avoid the (𝑁2

𝑧
) numerical 

complexity in calculating the sum in Eq. (3), we can first calculate the 
arrays of the left and right cumulative products, both of which have 
the length 𝑁𝑧. In this manner all of the products are calculated only 
once, and placed into the appropriate positions in these two arrays that 
are later ready for use when calculating the terms within the derivative 
of the total transfer matrix in Eq. (3). The elements of the arrays of 
cumulative products can be written as:

𝑀𝑐
lef t (𝑖) =𝑀𝑖𝑀𝑖−1...𝑀2𝑀1 =𝑀𝑖𝑀

𝑐
lef t (𝑖− 1)

𝑀𝑐
right (𝑖) =𝑀𝑁𝑧

𝑀𝑁𝑧−1...𝑀𝑖+1𝑀𝑖 =𝑀𝑐
right (𝑖+ 1)𝑀𝑖

𝑀𝑐
lef t (1) =𝑀1 and 𝑀𝑐

right (𝑁𝑧) =𝑀𝑁𝑧

(4)

Using these cumulative products, the first derivative of the total 
transfer matrix in Eq. (3) can be written as:

𝑑𝑀

𝑑𝐸 
=

𝑑𝑀𝑁𝑧

𝑑𝐸 
𝑀𝑐

lef t (𝑁𝑧 − 1)+

2 ∑
𝑛=𝑁𝑧−1

𝑀𝑐
right (𝑖+ 1)

𝑑𝑀𝑖

𝑑𝐸 
𝑀𝑐

lef t (𝑖− 1) +𝑀𝑐
right (2)

𝑑𝑀1
𝑑𝐸 

(5)

Therefore, we have reduced the problem of calculation of the first 
derivative of the total transfer matrix to calculation of the left and right 
arrays of cumulative products, and then using these arrays to calculate 
the sum of 𝑁𝑧 parts in Eq. (3), each of which is a product of two or three 
elements, as in Eq. (5), thus requiring three loops. The total complexity 
of this algorithm is (𝑁𝑧) +(𝑁𝑧) +(𝑁𝑧) = 3(𝑁𝑧) ∼(𝑁𝑧), mean
ing that through the use of the arrays of cumulative products we have 
(𝑁𝑧) complexity for finding the first derivative of the total transfer ma
trix, which is the same complexity as for calculating the total transfer 
matrix in the standard TMM.

Note that Eq. (5) gives the first derivative of every element in the 
total transfer matrix 𝑑𝑚𝑖𝑗

𝑑𝐸 . Since these are complex numbers, we are in

terested in the derivative of their modulus 𝑑|𝑚𝑖𝑗 |
𝑑𝐸 which can be calculated 

as:

𝑑|𝑚𝑖𝑗 |
𝑑𝐸 

= 𝑑

𝑑𝐸

(√
(ℜ(𝑚𝑖𝑗 ))2 + (ℑ(𝑚𝑖𝑗 ))2

)
= 1 |𝑚𝑖𝑗 |

[
ℜ(𝑚𝑖𝑗 )ℜ

(
𝑑𝑚𝑖𝑗

𝑑𝐸 

)
+ℑ(𝑚𝑖𝑗 )ℑ

(
𝑑𝑚𝑖𝑗

𝑑𝐸 

)]
(6)

The dTMM approach consists of first sweeping the energy interval of 
interest in a coarse equidistant energy grid across which we calculate the 
derivative of matrix elements as in Eq. (6). We can then employ the in

cremental search algorithm to determine intervals where 𝑑|𝑚𝑖𝑗 |
𝑑𝐸 changes 

sign, and finally invoke a zer-finding (i.e. bisection) algorithm in each 
interval. This allows us to calculate extrema of 𝑑|𝑚𝑖𝑗 |

𝑑𝐸 and calculate the 
eigenvalues of the ODE under consideration. We note that the key dif
ference between dTMM algorithm and standard TMM approach is that 

we do not need to repeat multiple iterations of adaptive mesh around 
each potential solution, but rather use a bisection (or any zer-finding) 
algorithm. In subsequent sections in this paper, we were able to achieve 
machine precision of eigenvalues in 30-40 iterations using the bisection 
algorithm, while to achieve the same precision with the adaptive mesh 
approach, we would need to apply a mesh of 1000 points several times.

Overall, the introduction of cumulative product arrays in Eq. (4) has 
allowed us to calculate the first derivative of the total transfer matrix 
in Eq. (3) with (𝑁𝑧) complexity. We note that this formalism can be 
extended towards calculation of higher derivatives of 𝑀 . The dTMM ap
proach therefore offers high precision at the lower numerical cost than 
the standard TMM approach, where the only additional requirement for 
its implementation is the analytical calculation of 𝑑𝑀𝑖

𝑑𝐸 which depends 
on the ODE under consideration.

Note that our approach extends beyond eigenvalue problems, 𝐸 in 
Eqs. (3)-(6) can represent any variable that affects the total transfer ma
trix, which will be illustrated by an example in Section 6.

3. Electron structure calculation via effective mass approximation

In this section, we develop a formal theoretical approach that applies 
Eqs. (1)-(6) on the Schrödinger equation under the effective mass ap
proximation that is established in the literature as a standard approach 
of determining electron structure in quantum heterostructures.

We validate the dTMM approach by comparing with the solutions ob
tained by the FDM approach [38] for the case of parabolic and two-band 
nonparabolic subbands. We also offer an example of MQW structure 
for which the standard TMM method fails to accurately calculate the 
electronic structure. This example serves as the motivation for our devel
opment of the dTMM approach as we were able to achieve high precision 
solutions ∼30 times faster than with a standard TMM approach.

3.1. Theoretical considerations

In nanostructures with one dimensional cofinement of carriers, the 
Schrödinger equation under the effective mass approximation can be 
written as [35]:

−ℏ2

2 
𝑑

𝑑𝑧

1 
𝑚∗(𝑧)

𝑑𝜓𝑛(𝑧)
𝑑𝑧 

+𝑈eff (𝑧)𝜓𝑛(𝑧) =𝐸𝑛𝜓𝑛(𝑧) (7)

where 𝑚∗(𝑧) is the electron effective mass along the growth direction 
which varies with position due to the changes in the material composi
tion. 𝜓𝑛(𝑧) is the wavefunction (envelope function), 𝐸𝑛 is the electron 
energy (at the subband minimum), and 𝑈eff (𝑧) is the total effective 
potential energy 𝑈eff (𝑧) = 𝑈c(𝑧) − 𝑒𝐹e𝑧 − 𝑒𝜑(𝑧) which consists of the 
conduction band offset 𝑈c(𝑧), the added bias potential energy due to 
the externally applied electric field 𝐹e along the growth direction 𝑧 and 
the electrostatic potential energy (Hartree term).

The TMM approach discretizes 𝑈eff (𝑧) across an equidistant spa
tial grid of 𝑁𝑧 segments as in Fig. 1. For each segment, Eq. (7) has a 
constant potential term and there is an analytical solution in the form 
𝜓(𝑧𝑖) = 𝐴𝑖e𝑘𝑖𝑧𝑖 + 𝐵𝑖e−𝑘𝑖𝑧𝑖 where 𝑘𝑖 is the wavevector 𝑘2

𝑖
= 2𝑚∗

𝑖
(𝑈𝑖−𝐸)
ℏ2

, 
which is a complex number. These analytical solutions need to sat
isfy two boundary conditions between each segment: the continuity 
of the wavefunction 𝜓(𝑧𝑖) = 𝜓(𝑧𝑖+1) and the continuity of probability 
current that yields the condition 1 

𝑚∗
𝑖

𝑑𝜓

𝑑𝑧 |𝑧𝑖 = 1 
𝑚∗
𝑖+1

𝑑𝜓

𝑑𝑧 |𝑧𝑖+1 . If we apply 
these boundary conditions and introduce substitutes 𝑘𝑖 = 𝑝 and 𝑘𝑖+1 = 𝑞, 
𝑞𝑝𝑞 =

𝑚∗
i+1
𝑚∗
i

𝑝 
𝑞
, we can generate the transfer matrix at the 𝑖-th segment as 

[15]:

𝑀𝑖 =
1
2

[
(1 + 𝑞𝑝𝑞)𝑒(𝑝−𝑞)𝑧𝑖 (1 − 𝑞𝑝𝑞)𝑒−(𝑝+𝑞)𝑧𝑖
(1 − 𝑞𝑝𝑞)𝑒(𝑝+𝑞)𝑧𝑖 (1 + 𝑞𝑝𝑞)𝑒−(𝑝−𝑞)𝑧𝑖

]
(8)

Equation (8) links analytical solutions on two adjacent segments on 

the spatial grid as 
[
𝐴i+1
𝐵i+1

]
=𝑀𝑖

[
𝐴i
𝐵i

]
. To obtain the transfer matrix of 
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Fig. 1. Discretization of an exemplary effective potential energy prfile 𝑈eff (𝑧). 
The 𝑧-axis consists of 𝑁𝑧 segments, for each segment there is a analytic solution 
allowing us to apply dTMM formalism.

the entire system, we need to repeat this process at each segment and 
link the first and the last point on the grid as:[
𝐴𝑁𝑧+1
𝐵𝑁𝑧+1

]
=𝑀

[
𝐴1
𝐵1

]
𝑀 =𝑀𝑁𝑧+1𝑀𝑁𝑧

...𝑀2𝑀1 =
[
𝑚11 𝑚12
𝑚21 𝑚22

] (9)

For quasi-bound electron states the coefficients 𝐴𝑁𝑧+1 and 𝐵1 have 
to be zero to avoid divergence of the wavefunctions. This imposes a 
condition 𝑚11 = 0 and the subsequent task in the standard TMM ap
proach is to sweep potential eigenvalues for which this condition is 
satified. In practice, however, due to the finite size of the spatial grid, 
the 𝑚11(𝐸) dependence does not tend to zero for each eigenvalue in 
identical manner. Additionally, 𝑚11 is a complex number. For some 
eigenvalues, |𝑚11| ∼ 10−16, but for some it may be |𝑚11| ∼ 10−3 and 
applying zero finding algorithms directly on |𝑚11(𝐸)| would not ensure 
uniform numerical precision of the eigenvalues. So we often need to 
seek minima of |𝑚11(𝐸)| instead.

The dTMM approach illustrated in Eqs. (4)-(6) requires us to calcu
late the first derivative of the transfer matrix in Eq. (8) whose elements 
are:

𝑑𝑀𝑖

𝑑𝐸 
||||11 = 1

2

[
𝑑𝑞𝑝𝑞

𝑑𝐸 
+ (1 + 𝑞𝑝𝑞)

(
𝑑𝑝 
𝑑𝐸

− 𝑑𝑞 
𝑑𝐸

)
𝑧𝑖

]
𝑒(𝑝−𝑞)𝑧𝑖

𝑑𝑀𝑖

𝑑𝐸 
||||12 = 1

2

[
−
𝑑𝑞𝑝𝑞

𝑑𝐸 
− (1 − 𝑞𝑝𝑞)

(
𝑑𝑝 
𝑑𝐸

+ 𝑑𝑞 
𝑑𝐸

)
𝑧𝑖

]
𝑒−(𝑝+𝑞)𝑧𝑖

𝑑𝑀𝑖

𝑑𝐸 
||||21 = 1

2

[
−
𝑑𝑞𝑝𝑞

𝑑𝐸 
+ (1 − 𝑞𝑝𝑞)

(
𝑑𝑝 
𝑑𝐸

+ 𝑑𝑞 
𝑑𝐸

)
𝑧𝑖

]
𝑒(𝑝+𝑞)𝑧𝑖

𝑑𝑀𝑖

𝑑𝐸 
||||22 = 1

2

[
𝑑𝑞𝑝𝑞

𝑑𝐸 
− (1 + 𝑞𝑝𝑞)

(
𝑑𝑝 
𝑑𝐸

− 𝑑𝑞 
𝑑𝐸

)
𝑧𝑖

]
𝑒−(𝑝−𝑞)𝑧𝑖

(10)

where

𝑑𝑞𝑝𝑞

𝑑𝐸 
=

𝑚∗
i+1
𝑚∗
i

𝑑𝑝 
𝑑𝐸

𝑞 − 𝑑𝑞 
𝑑𝐸

𝑝

𝑞2
+ 𝑝 

𝑞

𝑑𝑚∗
𝑖+1

𝑑𝐸 𝑚∗
𝑖
− 𝑑𝑚∗

𝑖

𝑑𝐸 𝑚
∗
𝑖+1

𝑚∗2
𝑖

𝑑𝑝 
𝑑𝐸

= −
𝑚∗
i

ℏ2𝑝
+

𝑈𝑖 −𝐸

ℏ2𝑝 
𝑑𝑚∗

𝑖

𝑑𝐸 

𝑑𝑞 
𝑑𝐸

= −
𝑚∗
i+1

ℏ2𝑞 
+

𝑈𝑖+1 −𝐸

ℏ2𝑞 

𝑑𝑚∗
𝑖+1

𝑑𝐸 

(11)

In Eq. (11) we assumed that the effective mass 𝑚∗(𝑧) is dependent 
on eigenenergy 𝐸. This is a standard approach for consideration of 
nonparabolicity effects [35]. The most common approach for the ef
fective mass dependence on energy is the two-band Kane approach 
𝑚∗
𝑖
= 𝑚𝑖

(
1 + 𝛼𝑖(𝐸 −𝑈𝑖)

)
where the nonparabolicity parameter 𝛼𝑖 is 

taken as the reciprocal value of the bandgap energy. Thus the effective 

mass energy derivative would be 𝛼𝑖𝑚𝑖, where 𝑚𝑖 is the bulk effective 
mass. The two-band Kane nonparabolic model can be simplfied via 
the Taylor approximation [41] which results in the effective mass tak
ing the form 𝑚∗

𝑖
=𝑚𝑖

(
1 − 𝛼𝑖(𝐸 −𝑈𝑖)

)−1, thus the effective mass energy 
derivative is 𝑚𝑖𝛼𝑖

(
1 − 𝛼𝑖(𝐸 −𝑈𝑖)

)−2. This approximation is only valid 
for small values of the nonparabolicity parameter 𝛼𝑖 . If nonparabolic
ity effect is neglected, all second terms in Eq. (11) are cancelled as the 
effective mass derivatives would be equal to zero.

Note that one of the advantages of both TMM and dTMM is that 
the nonparabolicity can be trivially treated in Eq. (11) via the energy 
dependent effective mass, which is not the case in FDM approaches [38] 
as Eq. (7) would need to be treated as a general eigenvalue problem.

3.2. Results and discussion

To validate the dTMM, we present the results of our numerical sim
ulations for QCLs grown in different materials. We analyse three exem
plary structures: Structure 1 is GaAs/AlGaAs bound to continuum (BTC) 
THz QCL designed for emission at 2 THz [42], Structure 2 is InGaAs/In
AlAs longitudinal optical (LO) phonon THz QCL designed for high power 
operation [43], while Structure 3 is InGaAs/GaAsSb LO-phonon THz 
QCL designed for high performance over a spectral emission range be
tween 3.3 and 4.0 THz [44]. Detailed description of the active medium 
of all three QCLs can be found in the Appendix.

The electron structure is calculated by numerical solving of Eq. (7) 
using the dTMM formalism presented in Eqs. (8)-(11) and we compare 
the results with the FDM approach [38,41]. We consider the parabolic 
subband approximation, the two-band Kane nonparabolicity model, as 
well as its Taylor approximation, which affect the terms in Eq. (11).

The results presented in Table 1 show the difference of subband ener
gies between the dTMM and the FDM for the three exemplary structures.

In the dTMM approach we have used 𝑑𝐸 = 0.1 meV coarse step in 
order to detect sign changes of 𝑑|𝑚11|

𝑑𝐸 element and employed standard 
bisection method for zero finding with 10−16 eV tolerance that typically 
converged in 35-40 iterations around each eigenvalue. In Table 1 we 
can see that the dTMM and the FDM give very similar results that differ 
on the order of 10−5 − 10−7 eV. These results validate the dTMM nu
merically as the eigenvalues obtained by FDM inherently have machine 
precision.

The motivation for the development of the dTMM were the problems 
for which the standard TMM fails to accurately calculate the subband 
energies. One of the general drawbacks of TMM is that structures with 
large spatial length or structures with high barrier potentials that cause 
large mismatch in spatial prfile of material parameters may cause the 
subband wavefunctions to diverge at the end of the spatial grid, indicat
ing the lack of accuracy in the calculated eigenvalue. This problem could 
be resolved by several iterations of adaptive mesh algorithm, drastically 
increasing the numerical cost (CPU time). The dTMM on the other hand, 
is an ideal extension of the TMM as it offers higher precision at a lower 
numerical cost.

An example of a long-period structure with high potential barrier 
layers that is prone to this problem is the exemplary GaSb/AlSb THz 
structure designed for operation at 2.6 THz [45]. The detailed descrip
tion of the active medium of this structure can be found in the Appendix 
as Structure 4.

Table 2 shows the comparison of the subband energies of the exem
plary GaSb/AlSb structure calculated with the TMM and dTMM. 

It shows that the subband energies of both methods are very similar, 
differing on the order of 10−6 − 10−5 eV. However, even at this mag
nitude the TMM approach generates diverging subband wavefunctions 
shown in Fig. 2. On the other hand, the calculated wavefunctions with 
the dTMM approach shown in Fig. 3 do not diverge, due to the higher 
accuracy of the calculated eigenvalues.

The efficiency of the dTMM approach is significantly better than the 
TMM approach. For a single subband energy, after we detect the mini
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Table 1
Absolute difference of subband energies between the new TMM and the FDM for all 
three different structures with resonant electrical bias values 1.9 kV/cm, 10 kV/cm 
and 8 kV/cm respectively. For each structure we show the results of the parabolic 
model, two band Kane nonparabolic model and its the two band Taylor approxima
tion model in the first, second and third column respectively.

Structure 1 Structure 2 Structure 3 
𝛿𝐸1[μeV] 0.74 1.23 1.22 9.27 0.34 0.94 0.54 1.96 0.83 
𝛿𝐸2[μeV] 0.79 1.21 1.20 21.58 2.69 0.01 2.31 3.60 1.17 
𝛿𝐸3[μeV] 0.69 1.05 1.04 26.95 1.95 1.00 2.25 5.75 2.77 
𝛿𝐸4[μeV] 0.58 0.92 0.91 42.97 0.86 3.95 1.95 8.15 3.99 
𝛿𝐸5[μeV] 0.39 0.91 0.90 ... ... ... ... ... ... 
𝛿𝐸6[μeV] 0.16 0.85 0.84 ... ... ... ... ... ... 
𝛿𝐸7[μeV] 0.13 0.67 0.66 ... ... ... ... ... ... 
𝛿𝐸8[μeV] 0.16 0.82 0.80 ... ... ... ... ... ... 
𝛿𝐸9[μeV] 2.31 2.67 2.66 ... ... ... ... ... ... 
𝛿𝐸10[μeV] 2.61 3.12 3.13 ... ... ... ... ... ... 

Table 2
Energy of subband states in exemplary 
GaSb/AlSb THz structure for a reso
nant bias of 5.4 kV/cm calculated with 
the dTMM and TMM.

TMM dTMM 
𝐸1[meV] 25.40380 25.40546 
𝐸2[meV] 27.50423 27.50439 
𝐸3[meV] 60.35376 60.35366 
𝐸4[meV] 62.00911 62.00793 
𝐸5[meV] 64.99478 64.99611 
𝐸6[meV] 90.71985 90.71953 
𝐸7[meV] 115.64217 115.64195 

Fig. 2. Conduction band diagram of exemplary GaSb/AlSb THz structure [45] 
solved with standard TMM with diverging wavefunctions.

mum of 𝑚11 within interval 𝑑𝐸, the standard TMM requires the adaptive 
mesh algorithm to apply the TMM again in i.e. 1000 points within the 
𝑑𝐸 interval, thus having resolution of 𝑑𝐸∕1000, which is illustrated in 
the upper part of Fig. 4. On the other hand, the dTMM uses the incre
mental search algorithm to detect sign changes of 𝑑|𝑚11 |

𝑑𝐸 and invokes 
the bisection algorithm across 𝑑𝐸 interval which rapidly converges by 
halving the energy interval. If for example 𝑑𝐸 = 1 meV, we need to 
apply 1000 points adaptive mesh four times for 10−12 ⋅ 𝑑𝐸 eigenvalue 
accuracy and thus call 𝑚11(𝐸) 4000 times achieving 10−15 eV precision, 
while the dTMM approach achieves 10−12 ⋅ 𝑑𝐸 accuracy through ∼ 37
(2−37 = 7.3 ⋅ 10−12) calls of 𝑑|𝑚11|

𝑑𝐸 calculation. Note that the dTMM has 
slightly higher memory storage requirements due to a need of storing 
cumulative product arrays in Eq. (4). Therefore, each call of 𝑑|𝑚11|

𝑑𝐸 has 
3𝑂(𝑁𝑧) complexity, whereas each call of 𝑚11(𝐸) has 𝑂(𝑁𝑧) complex

Fig. 3. Conduction band diagram of exemplary GaSb/AlSb THz structure [45] 
solved with the dTMM.

ity, meaning that the dTMM approach is ∼ 4000∕3∕37 ≈ 36 times faster 
than the standard TMM approach. 

4. Electron structure calculation via 14 k⋅p nonparabolicity 
model

In the previous section the QCL electronic band structure is calcu
lated using the single-band effective mass parabolic and two-band non
parabolic model. In earlier works [17,39] we have treated nonparabol
icity via a more complex model that stems from 14 k⋅p band theory. 
The motivation for development of such models lies in growing interest 
in material systems where we want to manipulate the electron trans
port on several meV scale. Highly nonparabolic materials have a small 
bandgap and usually smaller electron effective mass which directly af
fects optical transitions. In this work, we apply the dTMM approach on 
the model used in [39] as this would serve modelling of electron trans
port in highly nonparabolic materials and also as an example how the 
dTMM approach handles 4th order ODE.

4.1. Theoretical considerations

In the two-band nonparabolic model the interaction of the conduc
tion band and the light-hole valence band can be taken into account 
through the inclusion of energy-dependent electron effective mass in 
the 1D effective mass Schrödinger equation [35] in Eq. (7) and this can 
be treated as we presented in Eq. (11).

A more complex treatment of nonparabolicity was presented in [37] 
where the dispersion relation of the conduction band for a bulk III-V 
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Fig. 4. Exemplary dependence of the 𝑚11 transfer matrix element and its first 
derivative 𝑑|𝑚11|

𝑑𝐸 versus energy (left). Minima of 𝑚11 ( 𝑑|𝑚11|
𝑑𝐸 = 0) represent the 

eigenvalue solutions of the Schrödinger equation depicted by the purple circles 
for the exemplary electron structure of Structure 2 [43]. Plots on the right hand 
side illustrate the dependence of 𝑚11 and 𝑑|𝑚11|

𝑑𝐸 around one of the eigenvalues. 
The vertical dashed lines (blue) indicate the interval of energy 𝑑𝐸 in which 
we need to apply adaptive mesh algorithm for finding 𝑚11 minimum or 𝑑|𝑚11|

𝑑𝐸 
zero finding incremental search algorithm in order to achieve machine preci
sion of the eigenvalue solutions. Around one eigenvalue solution the adaptive 
mesh approach typically requires ∼ 4000 calls of 𝑚11(𝐸), while the zero find
ing incremental search algorithm (dTMM) can detect a zero within ∼ 37 calls of 
𝑑|𝑚11(𝐸)|

𝑑𝐸 . (For interpretation of the colours in the figure(s), the reader is referred 
to the web version of this article.)

material with a direct band gap was developed to the fourth order and 
the coefficients in the dispersion relation were calculated by solving the 
fourteenth order k⋅p model [46]. For nanostructures with one dimen
sional (1D) cofinement this model results in the following form of the 
nonparabolic 1D effective mass Schrödinger equation:

𝑑2

𝑑𝑧2
𝛼𝐸 (𝑧)

𝑑2𝜓𝑛(𝑧)
𝑑𝑧2

− ℏ2

2 
𝑑

𝑑𝑧

1 
𝑚(𝑧)

𝑑𝜓𝑛(𝑧)
𝑑𝑧 

+𝑈eff (𝑧)𝜓𝑛(𝑧)

=𝐸𝑛𝜓𝑛(𝑧) (12)

The effective mass in Eq. (12) is not energy dependent in this model. 
The nonparabolicity is treated through the parameter 𝛼𝐸 (𝑧) which is 
material dependent and quantfies the effect of nearby energy bands 
on the electron dispersion relation and should not be mistaken with 
the nonparabolicity parameter used in the two-band approximation, as 
𝛼𝐸 (𝑧) in Eq. (12) has a complex dependence not only on the bandgap 
energy, but rather a plethora of band parameters as illustrated in [39]. 
In [39] we presented two approaches for calculating 𝛼𝐸 (𝑧). In this paper 
we will use formulas presented in [47] and use material band parameters 
from [48].

The TMM approach for Eq. (12) is similar to treatment of Eq. (7). 
Once the total potential 𝑈eff (𝑧) is discretized on a spatial grid (Fig. 1), 
Eq. (12) folds into an analytically solvable biquadratic equation at 

each segment on the grid as 𝛼𝐸
𝑖
𝑘4
𝑖
+ ℏ2𝑘2

𝑖

2𝑚𝑖
= 𝐸 − 𝑈𝑖 where only one 

branch of the solution is physical [17]. The wavefunction solution is 
𝜓(𝑧𝑖) = 𝐴𝑖e𝑘𝑖𝑧𝑖 + 𝐵𝑖e−𝑘𝑖𝑧𝑖 . The transfer matrix for Eq. (12) has to sat
isfy the two boundary conditions between adjacent segments on the 
grid: the continuity of the wavefunction 𝜓(𝑧𝑖) = 𝜓(𝑧𝑖+1) and the con
tinuity of the probability current that yields the condition [17,39] (
2𝛼𝐸

𝑖
𝑘2
𝑖
− ℏ2

2𝑚𝑖

)
𝑑𝜓

𝑑𝑧 |𝑧𝑖 = (
2𝛼𝐸

𝑖+1𝑘
2
𝑖+1 −

ℏ2

2𝑚𝑖+1

)
𝑑𝜓

𝑑𝑧 |𝑧𝑖+1 , and the transfer 
matrix for the 𝑖-th boundary on a spatial grid has the identical form 
as Eq. (8), where the difference is in the expressions for 𝑝, 𝑞, 𝑞𝑝𝑞 :

𝑘2
𝑖
= ℏ2

4|𝛼𝐸
𝑖
|𝑚𝑖

⎡⎢⎢⎣1 −
√

1 − 16|𝛼𝐸
𝑖
|(𝐸 −𝑈𝑖)

(
𝑚𝑖

ℏ2

)2⎤⎥⎥⎦
𝑝 = 𝑘𝑖, 𝑞 = 𝑘𝑖+1

𝑞𝑝𝑞 =
2𝛼𝐸

𝑖
𝑝2 − ℏ2

2𝑚𝑖

2𝛼𝐸
𝑖+1𝑞

2 − ℏ2

2𝑚𝑖+1

𝑝 
𝑞

(13)

Note that the dispersion given with wavevector 𝑘𝑖 in Eq. (13) is the 
only physical solution of biquadratic equations that results from Eq. (12) 
and this entire model is valid up to the energy 𝐸𝜋 = 5

9𝐸max where 

𝐸max =
ℏ4

16|𝛼𝐸 |(𝑚)2 at which the energy dispersion relation becomes con
cave (mathematically corresponding to a negative effective mass, which 
is nonphysical) [49].

The dTMM model yields the identical transfer matrix derivative as 
in Eq. (10), where the difference is in terms 𝑝, 𝑞, 𝑞𝑝𝑞 and their energy 
derivatives:

𝑑𝑞𝑝𝑞

𝑑𝐸 
=
⎡⎢⎢⎢⎣

6𝛼𝐸
𝑖
𝑝2 − ℏ2

2𝑚𝑖

2𝛼𝐸
𝑖+1𝑞

3 − ℏ2

2𝑚𝑖+1
𝑞

𝑑𝑝 
𝑑𝐸

−

(
2𝛼𝐸

𝑖
𝑝3 − ℏ2

2𝑚𝑖
𝑝

)(
6𝛼𝐸

𝑖+1𝑞
2 − ℏ2

2𝑚𝑖+1

)
(
2𝛼𝐸

𝑖+1𝑞
3 − ℏ2

2𝑚𝑖+1
𝑞

)2
𝑑𝑞 
𝑑𝐸

⎤⎥⎥⎥⎦
𝑑𝑝 
𝑑𝐸

=
𝑚𝑖

ℏ2
1 

𝑝+ 4|𝛼𝐸
𝑖
|𝑚𝑖

ℏ2
𝑝3

𝑑𝑞 
𝑑𝐸

=
𝑚𝑖+1

ℏ2
1 

𝑞 +
4|𝛼𝐸

𝑖+1|𝑚𝑖+1
ℏ2

𝑞3

(14)

The numerical implementation of the dTMM for Eq. (12) is there
fore very similar to the treatment of Eq. (7). The key difference is in 
the wavevector expressions and their energy derivatives and the fact 
that the effective mass is not energy-dependent and nonparabolicity is 
treated within the expressions in the wavevectors in Eq. (13).

Note that the FDM for Eq. (12) is not cumbersome as treatment 
of Eq. (7) because effective mass does not depend on the energy, and 
Eq. (12) can be discretized with finite differences. However, doing so 
reveals some of the fundamental drawback of the FDM that were also 
discussed for Eq. (7) in [38]. Namely, the eigenvalues of matrix used for 
FDM approach may lead to spurious solutions that need to be manually 
removed. This process was handled automatically in [38], however, this 
is not possible for Eq. (12) as the FDM does not have a mechanism of 
ignoring the nonphysical dispersion branch that we have ignored in the 
TMM presented above. Applying the FDM approach on Eq. (12) there
fore yields a set of correct solutions, spurious solutions and nonphysical 
solutions making it very challenging to select only the correct ones. For 
this reason, we will not discuss the FDM results of Eq. (12).

4.2. Results and discussion

We present the results of our numerical simulations for the QCLs 
presented in the previous section [42--44] grown in GaAs/AlGaAs, In
GaAs/InAlAs, and InGaAs/GaAsSb respectively. The two-band Kane 
nonparabolic electron structure, as well as its Taylor approximation is 
calculated by numerical solving of Eq. (7) using the dTMM approach, 
while the 14 k⋅p nonparabolic electron structure is calculated by nu
merical solving of Eq. (12) also via the dTMM approach. The results are 
presented in Tables 3, 4 and 5.

The results in Tables 3, 4 and 5 show that the nonparabolicity in
creases the energy of the subbands and affects higher subbands more 
than lower ones. We can see that the 14 k⋅p nonparabolic model in gen
eral produces a stronger effect than the two-band nonparabolic model, 
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Table 3
Energy of subband states in the exemplary GaAs/AlGaAs 
BTC THz QCL [42] for a resonant bias of 1.9 kV/cm shown 
for the parabolic model, two-band Kane nonparabolic 
model, as well as its Taylor approximation and the 14 k⋅p 
nonparabolic model.

Parabolic Kane Taylor 14 k⋅p 
𝐸1[meV] 17.7071 17.7780 17.7708 18.3292 
𝐸2[meV] 20.6693 20.7204 20.7147 21.2403 
𝐸3[meV] 22.9848 23.0249 23.0200 23.4719 
𝐸4[meV] 25.1394 25.1735 25.1689 25.5640 
𝐸5[meV] 26.9686 27.0236 27.0157 27.4512 
𝐸6[meV] 29.9409 29.9913 29.9814 30.4052 
𝐸7[meV] 32.7406 32.7618 32.7549 33.0735 
𝐸8[meV] 41.8661 41.7628 41.7526 42.0859 
𝐸9[meV] 58.4094 57.6049 57.5769 58.0818 
𝐸10[meV] 62.1036 61.0577 61.0129 61.6258 

Table 4
Energy of subband states in the exemplary InGaAs/In
AlAs LO-phonon THz QCL [43] for a resonant bias of 10 
kV/cm shown for the parabolic model, two-band Kane 
nonparabolic model, as well as its Taylor approximation 
and the 14 k⋅p nonparabolic model.

Parabolic Kane Taylor 14 k⋅p 
𝐸1[meV] 22.8640 23.2619 23.1124 23.5196 
𝐸2[meV] 57.0385 56.8035 56.4867 58.1573 
𝐸3[meV] 60.1812 60.4932 60.0862 61.7031 
𝐸4[meV] 77.9856 78.6086 78.1281 79.5514 

Table 5
Energy of subband states in the exemplary In
GaAs/GaAsSb LO-phonon THz QCL [44] for a resonant 
bias of 8 kV/cm shown for the parabolic model, two-band 
Kane nonparabolic model, as well as its Taylor approxi
mation and the 14 k⋅p nonparabolic model.

Parabolic Kane Taylor 14 k⋅p 
𝐸1[meV] 20.7661 21.0584 20.9500 21.2180 
𝐸2[meV] 51.4799 51.5901 51.4372 53.8374 
𝐸3[meV] 56.0809 55.6355 55.2439 56.0760 
𝐸4[meV] 70.2315 70.5727 70.2359 71.2781 

which is expected as it is a result of the fourteenth order k⋅p model and 
takes into account the interaction of the lowest conduction band with 
the light-hole and heavy-hole valence band, split-off band and three 
higher conduction bands, whereas the two-band model takes into ac
count only the interaction of the conduction band and the light-hole 
valence band.

We can also observe that, in general, the nonparabolic effects 
are greater in InGaAs/InAlAs and InGaAs/GaAsSb structures than in 
GaAs/AlGaAs structures, which is expected as these elements have 
smaller bandgaps and thus a higher nonparabolicity parameter [39].

The two band nonparabolic Taylor approximation model gives sim
ilar results compared to the two-band Kane nonparabolic model for 
the GaAs/AlGaAs structures, but is less accurate in InGaAs/InAlAs and 
InGaAs/GaAsSb structures because of their higher nonparabolicity pa
rameter, which make the Taylor approximation less valid.

5. Numerical performance

In previous sections we validated the dTMM approach by analysing 
various structures. The overall complexity of this method for calculating 
eigenvalues is 𝑂(𝑁𝑖 log2(

𝑑𝐸

𝜖
)𝑁𝑧). The eigenvalue grid of 𝑁𝑖 intervals is 

first traversed linearly in order to identify the intervals containing the 
zeroes of the function, followed by a bisection algorithm in these in
tervals, where 𝑑𝐸 is the length of each interval and 𝜖 is the desired 

Fig. 5. Time performance of numerical solvers in this work versus spatial step 
size (bottom x-axis) and spatial resolution (top x-axis) of the numerical grid 
applied to BTC THz QCL [42]. The FDM solvers were unable to handle higher 
spatial resolution due to matrix storage requirements.

precision, and each call of the 𝑑|𝑚11|
𝑑𝐸 function has linear complexity 

𝑂(𝑁𝑧) for traversing the spatial grid. Typically the number of intervals 
in which the bisection algorithm is called is significantly lower than 𝑁𝑖

and in most cases of interest is less than 20. On the other hand, the 
FDM approaches have 𝑂(𝑁3

𝑧
) complexity [50], thus it may not be im

mediately clear how well these methods compare. FDM solvers require 
storage of square matrices, while dTMM traverses the spatial grid lin
early thus should be faster because we need to store three arrays of 𝑁𝑧

size instead. This means that spatial complexity of the dTMM model is 
lower than the space complexity of the FDM approach and this will af
fect the time complexity as well. This work is accompanied by seven 
different numerical solvers written in MATLAB. For analysis in this pa
per we used C + + for their implementation due to superior performance. 
To benchmark our solvers, we chose the BTC structure analysed in Sec
tion 3 (structure 1) due to its rich electronic structure (10 eigenvalues 
of interest and 1276 Å period length as illustrated in the Appendix).

The time performance of our solvers is presented in Fig. 5. Numeri
cal analysis in this work was undertaken on Intel Xeon Gold 6138 CPUs. 
The FDM Kane solver employs full nonparabolicity models as in [38] 
that requires solving a general fourth order polynomial eigenvalue prob
lem. This solver has higher spatial complexity as it requires storage of 
4𝑁𝑧 × 4𝑁𝑧 matrix of FDM coefficients making it the slowest. The Tay
lor approximation of Kane nonaprabolicity and parabolic solver require 
𝑁𝑧 ×𝑁𝑧 matrix thus their time performance is faster and comparable. 
The TMM solvers, regardless of the nonparabolicity type do not require 
matrices and typically only need to linearly transverse the spatial grid. 
For this reason, the TMM solvers have comparable performance and are 
able to handle much higher spatial resolution than FDM solvers due to 
their lower spatial complexity. The FDM solvers only outperform the 
dTMM method for low spatial resolution. 

In Fig. 6 we showcase the convergence test of calculated eigenval
ues as spatial resolution is varied. Interestingly, all models follow similar 
trends. We can observe that solutions are converging with smaller spa
tial step size, but the FDM models were unable to handle very high 
resolution. A very interesting result is that although the FDM solutions 
have inherent machine precision, the eigenvalues calculated for two dif
ferent step sizes may differ even on a scale of 10−2 meV. We attribute 
this to the bandstructure potential prfile and numerical peculiarities 
that follow it, we note that our potential prfile has step-like variation 
at interfaces between two materials, and these cause delta-like varia
tions when derivatives in Eq. (7) are calculated. This does not cause the 
FDM method to diverge, but numerically may impact the convergence. 
Overall, the spatial resolution introduces and error in all solvers thus 
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Fig. 6. Convergence of calculated ground and lasing level states versus spatial 
step size (bottom x-axis) and spatial resolution (top x-axis) for BTC THz QCL 
[42]. The convergence is calculated as energy difference between consecutive 
solutions as spatial resolution is varied. The range of spatial step size was an 
array between 0.01 and 2 Å.

Fig. 7. Energy difference between complementary FDM and TMM solvers versus 
spatial step size (bottom x-axis) and spatial resolution (top x-axis) for BTC THz 
QCL [42].

affecting the convergence of the solvers as it is varied. In Table 1 we 
present the energy differences between complementary TMM and FDM 
models for various structures for a fixed spatial resolution. In Fig. 7
we focus on Structure 1 from Section 3 and present the difference be
tween the complementary TMM and FDM models (i.e. |TMM Kane -
FDM Kane| etc.) as spatial resolution is varied. This comparison is lim
ited as FDM approaches are unable to handle higher resolutions, but we 
can observe that the solutions are more comparable as spatial step size 
is reduced. The mismatch between the two solvers can be attributed to 
convergence issues we observed in Fig. 6. While all our solvers have 
very high precision of the corresponding eigenvalues, these solutions 
are not necessarily comparable as these methods have different error 
dependence on spatial step size.

6. Interface optical phonons

One of the key electron scattering mechanisms in semiconductor 
structures is the interaction between electrons and optical phonons. The 
scattering models typically use bulk phonons even in heterostructures 

and devices based on superlattices. While this is a good approximation, a 
more physically correct model should take into account the effect of con
finement on the optical-phonon modes resulting in interface (IF) phonon 
modes and cofined (CF) phonon modes.

6.1. Theoretical considerations

Interface modes are localized at the interfaces of the heterostrucure, 
while cofined modes can be regarded as bulk modes that are segmented 
by the hetorstructure interfaces. These phonon modes are calculated 
within the macroscopic dielectric continuum model [51,52] which is 
based on the production of an electric polarisation 𝑃 (𝑟) due to the lattice 
vibrations. The DCM describes the phonon modes through their electro
static potential along the heterostructure. For a medium of dielectric 
constant 𝜖(𝜔) these equations are given by:

∇ ⋅𝑫(𝒓) = 𝜌0(𝒓)

𝑫(𝒓) = 𝜖𝑬(𝒓) = 𝜖0𝑬(𝒓) + 𝑷 (𝒓) (15)

𝑬(𝒓) = −∇𝜙(𝒓)

where 𝑫(𝒓), 𝑬(𝒓), 𝑷 (𝒓) and 𝜙(𝒓) are the electric displacement, electric 
field, electric polarization and electrostatic scalar potential. 𝜌0(𝒓) is the 
free charge density, and 𝜖 and 𝜖0 are the dielectric permittivity of the 
respective material and of free space. Using the generalized Lyddane--
Sachs--Teller relation, 𝜖(𝜔) can be written as a single pole function:

𝜖(𝜔) = 𝜖∞
𝜔2 −𝜔2

LO

𝜔2 −𝜔2
TO

(16)

for a binary alloy, and a double pole function:

𝜖(𝜔) = 𝜖∞
(𝜔2 −𝜔2

LO1)(𝜔
2 −𝜔2

LO2)

(𝜔2 −𝜔2
TO1)(𝜔

2 −𝜔2
TO2) 

(17)

for a ternary alloy [53], where 𝜖∞ is the high frequency dielectric con
stant of the alloy. LO and TO stand for the longitudinal and transverse 
optical mode, and 1 and 2 denote the respective material.

In the case of free oscillation 𝜌0(𝒓) = 0 and Eq. (15) lead to the con
dition 𝜖(𝜔)∇2𝜙(𝒓) = 0. In bulk materials this equation leads to the bulk 
optical phonons that satisfy the nontrivial condition 𝜖(𝜔) = 0. For quan
tum well systems that are cofined along the crystal growth direction 𝑧
and have no constraint in the 𝑥−𝑦 plane the electrostatic potential 𝜙𝑖(𝒓)
and its Fourier transform 𝜙𝑖(𝑞, 𝑧) in the region [𝑧𝑖−1, 𝑧𝑖] can be written 
as 𝜙𝑖(𝒓) =

∑
𝑞 𝑒

−𝑖𝒒⋅𝝆𝜙𝑖(𝑞, 𝑧) where 𝝆 and 𝒒 are the position and wave 
vector in the 𝑥− 𝑦 plane of the interface. This yields the following ODE:

𝜖(𝜔)
(

𝜕2

𝜕𝑧2
− 𝑞2

)
𝜙𝑖(𝑞, 𝑧) = 0 (18)

The solutions of Eq. (18) satisfy either 𝜖(𝜔) = 0 which yields CF 
(bulk) phonon modes or 

(
𝜕2

𝜕𝑧2
− 𝑞2

)
𝜙𝑖(𝑞, 𝑧) = 0 which correspond to IF 

optical phonon modes.
The CF modes resulting from Eq. (18) due to the condition 𝜖(𝜔) = 0

are 𝜔 = 𝜔LO for binary alloys and 𝜔 = 𝜔LO or 𝜔 = 𝜔TO for ternary 
alloys. These modes are bulk-like and propagate in a single layer be
tween two interfaces from which they are fully backscattered because 
the neighbouring layers have different optical phonon frequencies. The 
electrostatic potentials of the CF modes form an orthogonal and com
plete set and one of the possible sets of electrostatic potentials that 
satisfy the conditions of cofined phonon modes is [54,55]:

𝜙CF
𝑖
(𝑞, 𝑧𝑖) =

(
ℏ 
𝜖0

1 
𝑑𝜖𝑖(𝜔)∕𝑑𝜔

)1∕2( 1 
𝑞2 + (𝑚𝜋∕𝑎𝑖)2

)1∕2

(
2 
𝑎𝑖

)1∕2
sin 𝑚𝜋

𝑎𝑖
(𝑧− 𝑧𝑖) (19)
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in which 𝑚 = 1,2,3..., 𝑧𝑖 < 𝑧 < 𝑧𝑖 + 𝑎𝑖, where 𝑎𝑖 represents the width of 
different layers.

Unlike the CF modes whose electrostatic potentials can be analyti
cally found in Eq. (19), the electrostatic potentials of the IF modes can 
only be calculated numerically. To numerically calculate the IF modes 
in Eq. (18) we can apply the TMM/dTMM approach as Eq. (18) has 
straightforward solutions on each segment once the spatial axis is dis
cretized 𝜙𝑖(𝑞, 𝑧) =𝐴𝑖𝑒

𝑞𝑧 +𝐵𝑖𝑒
−𝑞𝑧.

All modes in Eq. (18) need to satisfy the boundary conditions of the 
DCM approach which require that the tangential component of the elec
tric field and the normal component of the electrical displacement are 
continuous [52,56--58] at each interface yielding 𝜙𝑖(𝑞, 𝑧𝑖) = 𝜙𝑖+1(𝑞, 𝑧𝑖)
and 𝜖𝑖

𝜕

𝜕𝑧
𝜙𝑖(𝑞, 𝑧𝑖) = 𝜖𝑖+1

𝜕

𝜕𝑧
𝜙𝑖+1(𝑞, 𝑧𝑖). The transfer matrix of the 𝑖-th seg

ment then reads:

𝑀𝑖 =
1
2

[
(1 + 𝜖𝑖∕𝜖𝑖+1) (1 − 𝜖𝑖∕𝜖𝑖+1)𝑒−2𝑞𝑧𝑖

(1 − 𝜖𝑖∕𝜖𝑖+1)𝑒2𝑞𝑧𝑖 (1 + 𝜖𝑖∕𝜖𝑖+1)

]
(20)

The TMM approach can link segmented matrices in Eq. (20) to obtain 
the dispersion relation and electrostatic potential of IF phonons [40] 
due to the fact that similarly to the case of the electron structure and 
the subband state wavefunctions coefficients 𝐴𝑁𝑧

and 𝐵1 need to be 
zero so that the solutions of the electrostatic phonon potential do not 
diverge as 𝑧 approaches ±∞. This leads to the same condition 𝑚11 = 0
for the IF phonon modes as for the electron structure in Eq. (9). The 
difference is that we are not seeking eigenvalues of Eq. (18), but rather 
frequency modes 𝜔 that satisfy the 𝑚11 = 0 condition. Therefore, the 
process requires manual sweep of 𝜔 similarly to how energy was swept 
for the Schrödinger equation in previous sections. We can also convert 
angular frequency sweep to energy sweep using relation 𝐸 = ℏ𝜔 where 
𝐸 would represent energy of phonon modes that correspond to interface 
modes.

We can extend TMM by applying dTMM formalism as we have es
tablished its numerical superiority over standard TMM. We need to seek 
the energy derivative of Eq. (20):

𝑑𝑀𝑖

𝑑𝐸 
= 1

2

[
𝑑𝑡𝑖

𝑑𝐸
− 𝑑𝑡𝑖

𝑑𝐸
𝑒−2𝑞𝑧𝑖

− 𝑑𝑡𝑖

𝑑𝐸
𝑒2𝑞𝑧𝑖

𝑑𝑡𝑖

𝑑𝐸

]
(21)

where we have introduced substitute 𝑡𝑖 = 𝜖𝑖∕𝜖𝑖+1 and it applies:

𝑑𝑡𝑖

𝑑𝐸
= 1 

ℏ

𝑑𝑡𝑖

𝑑𝜔
= 1 

ℏ

𝑑𝜖𝑖

𝑑𝜔 𝜖𝑖+1 −
𝑑𝜖𝑖+1
𝑑𝜔 𝜖𝑖

𝜖2
𝑖+1

𝑑𝜖
binary
𝑖

𝑑𝜔 
= 𝜖∞𝑖

2𝜔(𝜔2
LO −𝜔2

TO)

(𝜔2 −𝜔2
TO)

2

𝑑𝜖
ternary
𝑖

𝑑𝜔 
= 2𝜔𝜖∞𝑖

[
(𝜔2

LO1 −𝜔2
TO1)

(𝜔2 −𝜔2
TO1)

2

(𝜔2 −𝜔2
LO2)

(𝜔2 −𝜔2
TO2) 

+
(𝜔2

LO2 −𝜔2
TO2)

(𝜔2 −𝜔2
TO2)

2

(𝜔2 −𝜔2
LO1)

(𝜔2 −𝜔2
TO1) 

]
(22)

where we need to adjust the permittivity derivatives as they differ for 
binary and ternary material system heterostructures.

The values of the high frequency dielectric constants and the phonon 
energies for GaAs∕AlxGa1−xAs systems are given in Table 6 [59].

Using equations (20) and (21) we can implement the dTMM method 
as discussed in Section 2 and minimize |𝑚11| using Eq. (6). Once the IF 
phonon mode energies are found, determination of the electrostatic po
tential of each mode is reduced to matrix multiplication for calculating 
the coefficients 𝐴𝑖 and 𝐵𝑖 for each layer.

We note that in a MQW system with 𝑛 interfaces in the case of an 
all-binary heterostructure (for example GaAs/AlAs system) there are 2𝑛
IF phonon modes, whereas for a structure with alternating binary and 
ternary layers (for example GaAs/AlxGa1−xAs system), there are 3𝑛 IF 
phonon modes, due to the fact that each ternary layer has two binary
like modes [40].

Table 6
High frequency dielectric constants and phonon ener
gies [59] used in the calculation of the dispersion rela
tions.

GaAs AlAs AlxGa1−xAs

𝜖∞ 10.89 8.16 10.89-2.73𝑥
ℏ𝜔LO1[meV] 36.25 ... 36.25-6.55𝑥+1.79𝑥2

ℏ𝜔TO1[meV] 33.29 ... 33.29-0.64𝑥-1.16𝑥2

ℏ𝜔LO2[meV] ... 50.09 44.63+8.78𝑥-3.32𝑥2

ℏ𝜔TO2[meV] ... 44.88 44.63+0.55𝑥-0.30𝑥2

Fig. 8. IF phonon dispersion relations of each group of IF phonon modes shown 
for the exemplary THz QCL [61] with a GaAs/Al0.15Ga0.85As material combina
tion.

After finding the electrostatic potential of each IF phonon mode we 
need to apply the energy normalization condition [40,60]:

ℏ 
2𝜔

=

∑
𝑘 

𝜖0
2𝜔

𝑑𝜖𝑘(𝜔)
𝑑𝜔 ∫

𝑅𝑘

(
𝑞2|𝜙𝑖(𝑞, 𝑧)|2 + |||| 𝜕𝜙𝑘(𝑞, 𝑧)

𝜕𝑧 
||||2
)

𝑑𝑧
(23)

where the summation goes over all the layers of the structure and 𝑅𝑘

represents intervals 𝑅𝑘 = [𝑧𝑖, 𝑧𝑖+1].

6.2. Results and discussion

In this section we apply the dTMM approach for calculating the in
terface phonon dispersion relations and electrostatic phonon potentials 
of an exemplary LO-phonon design THz QCL that achieved pulsed op
eration at a high temperature of 200 K [61], whose detailed description 
of the active medium can be found in the Appendix as Structure 5.

The dTMM approach for IF modes allows us to find the dispersion 
relations and the energy of the interface phonon modes for different val
ues of phonon wave vector 𝑞, ranging in 𝑞 ∈ [0,1] nm−1. The dispersion 
relations are shown in Fig. 8.

In Fig. 8 we can observe that the IF optical phonon modes form three 
groups, each of which consists of 6 modes, resulting in a total of 18 
modes. As the exemplary QCL has 6 binary material/ternary material 
(GaAs/Al0.15Ga0.85As) interfaces, the expected number of IF modes is 
3 ⋅ 6 = 18. The ternary barrier layers have both GaAs-like and AlAs-like 
modes, and the GaAs-like modes in Al0.15Ga0.85As differ from the ones in 
GaAs layers, which results in a double number of both LO and TO GaAs 
phonon modes. The formed IF modes are joint modes of the similar GaAs 
and GaAs-like modes of the different material layers [40].

The lowest group of modes is located between the GaAs TO mode 
energy of 33.29 meV in GaAs layers, and the GaAs-like TO mode energy 
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Fig. 9. Electrostatic potential of the 18 IF optical modes for a wave vector q = 
0.1 nm−1 shown for the exemplary THz QCL [61]. The Al0.15Ga0.85As barrier 
layers are shaded.

of 33.168 meV in Al0.15Ga0.85As layer. Due to the fact that the energy 
difference between these two is very small, this group of modes shows 
very little dispersion, which can be seen in Fig. 8. The middle group 
of modes is located between the GaAs LO mode energy of 36.25 meV 
in GaAs layers, and the GaAs-like LO mode energy of 35.308 meV in 
Al0.15Ga0.85As layer and has significantly larger dispersion compared 
to the TO group of modes. The third group of modes is located between 
the AlAs-like LO mode energy of 45.872 meV, and the AlAs-like TO 
mode energy of 44.706 meV in Al0.15Ga0.85As layers. This group has 
the largest dispersion of the three groups.

Once the dispersion relations are found, the electrostatic potential 
of each mode for each wave vector is found using the TMM and nor
malised so that it satifies the energy normalization condition (23). The 
electrostatic potential of the 18 IF optical modes are shown in Fig. 9 for 
a wave vector q = 0.1 nm−1.

In Fig. 9 we can see that the electrostatic potentials are linear com
binations of exponentially growing and exponentially damped spatial 
functions. We note that all calculated IF modes in Fig. 8 are in the vicin
ity of the bulk-like CF modes which justfies neglecting the IF modes in 
electron transport models [62]. This agrees well with the literature [63] 
which reports that inclusion of CF and IF phonon modes in a GaAs/Al
GaAs QCL increases the electron-LO phonon scattering rates negligibly 
and induces minor corrections to the electron transport when compared 
to the results obtained in the bulk phonon approximation.

7. Conclusion

The TMM approach has a long history of application due to its intu
itive and semi-analytical nature, but it is often criticized as numerically 
inefficient in comparison to the FDM approaches. The key benfit of the 
TMM approach over the FDM is its lower spatial complexity, allowing 
for higher spatial resolution, however the main criticism when the TMM 
is used for eigenvalue problems is its numerical cost when attempting to 
achieve machine precision. Our work exploits the semi-analytical nature 
of the TMM approach and extends it to the dTMM which is capable of 
matching the numerical precision and efficiency of the FDM approaches.

In Section 2 we have introduced a general mathematical formalism 
that can be used for a wide range of problems that deal with ordinary 
differential equations and eigenvalue problems, which allows the dTMM 
approach to exhibit high numerical precision at a lower computational 
cost than the standard TMM approach. This has been achieved due to the 
fact that the standard TMM consists in finding the minimum of the mod
ulus |𝑚𝑖𝑗 | of the element of the total transfer matrix 𝑀(𝐸) by seeking 

solutions in shooting-like manner, often requiring adaptive mesh algo
rithms to boost precision. The dTMM utilizes the analytically calculated 
first derivative of 𝑑|𝑚𝑖𝑗 |

𝑑𝐸 , allowing the use of a plethora of numerically 
efficient zer-finding algorithms that can achieve machine precision.

The calculation of the electronic structure of multiple quantum well 
heterostructures, such as QCL, from the numerical accuracy point of 
view is a very demanding. The challenge lies in the requirement of high 
eigenvalue precision and high spatial resolution which cannot be han
dled efficiently by the FDM approaches due to the large matrix size. Our 
analysis has shown that the dTMM approach is both as precise and can 
handle higher spatial resolution than the FDM models:

• We analysed the 1D effective mass Schrödinger equation in Sec
tion 3 treating parabolic, two-band Kane nonparabolic as well as 
its Taylor approximation.

• We validated the model by analysing electronic structure of QCLs 
grown in different material combinations by comparing the dTMM 
approach with the FDM approach [38].

• We illustrated the importance of numerical precision by providing 
an example of a structure that yields diverging solutions due to 
inaccuracy of the TMM approach, and how this can be resolved by 
the dTMM at higher numerical efficiency.

• We demonstrated how the dTMM can be applied to a more complex 
ODE in Section 4 by analyzing a 4th order Schrödinger equation that 
results from 14 k⋅p treatment and takes into account the interaction 
of the lowest conduction band with the light-hole and heavy-hole 
valence band, split-off band and three higher conduction bands.

• We have compared the numerical performance of the dTMM and 
the FDM in Section 5. The FDM solvers were unable to handle 
higher spatial resolution due to matrix storage requirements while 
the dTMM solvers were able to handle much higher spatial resolu
tion due to their lower spatial complexity and outperform the FDM 
solvers in terms of time performance.

As an example of the versatility of the dTMM approach, in Section 6
we analysed interface optical phonon dispersion in semiconductor het
erostructers. The electron-longitudinal phonon interaction is one of the 
key transport mechanisms in QCLs, often approximated by bulk treat
ment only, and not taking into account the effect of layer variation in 
the heterostructure. Our work provides a more realistic optical phonon 
treatment where bulk phonons are replaced with cofined and inter
face phonons. We have shown how the dTMM approach can be used for 
calculation of the IF phonon modes dispersion relations and the electro
static potential of each mode within the dielectric continuum model.

The analysis we conducted in this paper is accompanied by the cor
responding numerical package, released in MATLAB version that can be 
found on https://github.com/AcaDemicNanoLab/dTMM_Schrodinger.

Overall, we have introduced a novel method that has resolved sev
eral shortcomings of the transfer matrix method, and our formalism 
can be further generalised and extended to a verity of problems. The 
key advantage of our dTMM approach is that it keeps the intuitive and 
semi-analytical nature of the TMM while having high numerical preci
sion, lower computational cost and can outperform FDM methods when 
handling high spatial resolution.
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Fig. 10. Conduction band potential of the exemplary GaAs/AlGaAs 
BTC THz QCL along with moduli squared of the corresponding wave
functions [42]. The layer thicknesses, starting with the injection 
barrier are 5.0/14.4/1.0/11.8/1.0/14.4/2.4/14.4/2.4/13.2/3.0/12.4
/3.2/12.0/4.4/12.6 nm, where Al0.1Ga0.9As barriers are shown in bold, 
and wells doped to 1.3 ⋅ 1016 cm−3 are underlined.
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Appendix A. Active medium description of the modelled QCLs

Structure 1

The exemplary GaAs/AlGaAs BTC THz QCL is designed for opera
tion at a frequency of 2 THz [42]. Extraction from the lower laser level 
(LLL) to the injection laser level (ILL) is achieved through diagonal tran
sitions within the miniband, while the ILL is within the mini band and 
is strongly coupled to the upper laser level (ULL) of the next period. The 
electronic structure of this device is illustrated in Fig. 10.

Structure 2

The exemplary InGaAs/InAlAs LO-phonon THz QCL is designed for 
high power operation [43]. Efficient extraction of the LLL is achieved 
by resonant LO phonon emission in the widest well of the structure. The 
material compositions are lattice matched to InP.

Fig. 11. Bottom of the conduction band potential of the exemplary InGaAs/In
AlAs LO-phonon THz QCL along with moduli squared of the corresponding 
wavefunctions [43]. The layer thicknesses, starting with the injection barrier 
are 1.8/13.3/0.6/13.3/1.8/(9.0 +6.0+ 9.0) nm. The well layers are made of 
In0.53Ga0.47As and the In0.52Al0.48As barriers are shown in bold. The middle part 
of the well doped to 3.3 ⋅ 1016 cm−3 is underlined.

Fig. 12. Bottom of the conduction band potential of the exemplary In
GaAs/GaAsSb LO-phonon THz QCL along with moduli squared of the corre
sponding wavefunctions [44]. The layer thicknesses, starting with the injection 
barrier are 3.0/13.5/1.0/14.4/3.0/2.0/20.3/2.0 nm. The well layers are made 
of In0.53Ga0.47As and the GaAs0.51Sb0.49 barriers are shown in bold. The well 
doped to 1.0 ⋅ 1016 cm−3 is underlined.

In Fig. 11 we show the bottom of the conduction band potential of 
the exemplary InGaAs/InAlAs LO-phonon THz QCL [43] with the wave 
functions squared shown.

Structure 3

The exemplary InGaAs/GaAsSb LO-phonon THz QCL is designed for 
high performance over a spectral emission range between 3.3 and 4 THz 
[44]. The material compositions are lattice matched to InP.

In Fig. 12 we show the bottom of the conduction band potential of 
the exemplary InGaAs/GaAsSb LO-phonon THz QCL [44] with the wave 
functions squared shown.

Structure 4

The exemplary GaSb/AlSb structure designed for pulsed operation at 
2.6 THz [45]. The LLL is efficiently depopulated by electron-longitudinal 
optical phonon scattering into the ILL, which is located at an LO phonon 
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Fig. 13. Bottom of the conduction band potential of the exemplary GaSb/AlSb 
THz structure along with moduli squared of the corresponding wavefunc
tions [45]. The layer thicknesses, starting with the injection barrier are 
4.3/14.4/2.4/11.4/3.8/24.6/3.0/16.2 nm, where AlSb barriers are indicated 
in bold font, and the well layers are made of GaSb. The well doped to 1.9 ⋅ 1016
cm−3 is underlined.

energy (28.9 meV in GaSb) below the LLL and that is strongly coupled 
to the ULL of the next period. Resonant tunnelling occurs through the 
injection barrier depopulating the ILL.

In Fig. 13 we show the bottom of the conduction band potential of 
the exemplary GaSb/AlSb THz structure [45] with the wave functions 
squared shown.

Structure 5

The exemplary GaAs/AlGaAs LO-phonon QCL achieved pulsed op
eration at a high temperature of 200 K [61]. The LLL is efficiently 
depopulated by electron-longitudinal optical phonon scattering into the 
ILL, which is located at an LO phonon energy (36 meV in GaAs) below 
the LLL and that is strongly coupled to the ULL of the next period. Res
onant tunnelling occurs through the injection barrier depopulating the 
ILL.

In Fig. 14 we show the bottom of the conduction band potential of 
the exemplary GaAs/AlGaAs LO-phonon 200 K THz QCL [61] with the 
wave functions squared shown.

Data availability

The data associated with this paper are openly available from the 
University of Leeds Data Repository at https://doi.org/10.5518/1639.
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