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Abstract
We describe an elaborate model for calculation of optical gain in quantum cascade laser 
(QCL) taking into account that such complex layered quantum-well based structure should 
be viewed as an anisotropic material in terms of dielectric constant. The layering induced 
anisotropy leads to substantial modifications of electron-longitudinal (LO) phonon scatter-
ing rates owing to the occurrence of additional resonant frequencies for LO phonons, each 
affecting the totals scattering rate between relevant subbands. This clearly impacts the car-
rier distribution between the subbands and alters the degree of population inversion in the 
active region of a QCL, in comparison to the results of an isotropic permittivity model, as 
illustrated by our numerical example.

Keywords  Quantum cascade laser · LO phonon scattering · Anisotropy of dielectric 
permittivity

1  Introduction

Quantum cascade laser (QCL) represents a leading-edge unipolar device consisting of a care-
fully designed array of semiconductor quantum wells which give rise to quantized electron 
states, and thus facilitate a specific series of intersubband transitions within the conduction 
band (Faist et al. 1994; Harrison and Valavanis 2016). The benefit of the intersubband transi-
tions is that they allow lasing at energies that are much lower than transitions between atomic 
levels present in traditional lasers. The active region of a QCL incorporates a large number of 
periodically repeated stages comprised of gain and injection/relaxation regions. The function 
of a gain region is to provide a sufficient population inversion necessary for the lasing transi-
tion, and the purpose of the injection/relaxation region is to depopulate the lower lasing level 
and to inject electrons in the upper lasing level of the next cascade (Faist 2013; Jirauschek 
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and Kubis 2014; Williams 2007). When the bias voltage is applied, an electron transported 
along the growth direction in ideal conditions emits as many photons as the number of peri-
ods. The lasing frequency (determined by the energy difference between the upper and lower 
laser level), and energy alignment (necessary for an efficient injection into the upper laser level 
and depopulation of the lower level) therefore require careful design of the quantized states in 
the QCL device (Jirauschek and Kubis 2014; Radovanović et al. 2021; Smiljanić et al. 2014; 
Wacker 2012). Engineering of the wave functions by solving the Schrödinger-Poisson equa-
tion system governs the strength of both the radiative and nonradiative transitions (Ko and Yu 
2010; Mueller and Triplett 2016; Waldmueller et al. 2010).

Continuously operating QCLs in the MIR (3.5–20 μm) offer high output powers, nar-
row linewidth, tunability, compactness, portability, and favorable wavelength range, thus 
having extensive applications in health care, stand-off detection of chemical, biological, 
radiological, and nuclear (CBNR) threats (Fuchs et al. 2010; Li et al. 2015; Ostendorf et al. 
2016; Sharma and S 2014), telecommunications and broadband spectroscopy (Hugi et al. 
2012; Villares et al. 2014; Vitiello et al. 2015). The ability to emit short pulses due to the 
sub-picosecond relaxation times of the gain and coherence is an object of a detailed scien-
tific investigation (Opačak and Schwarz 2019; Singleton et al. 2019; Vukovic et al. 2017).

In this paper, we introduce an advanced theoretical model for a QCL as an anisotropic 
material, and we show how our model behaves compared to the isotropic model which is 
widely used in the literature (Jirauschek and Kubis 2014). The main contribution consists 
in the inclusion of dielectric constant anisotropy, as it depends on the structural design 
(layer parameters), that was previously neglected. Longitudinal optical phonon frequency 
is not considered here to be a constant, but there is dependence on phonon wavevector in 
the vicinity of the LO phonon modes: one dependence is on the material system and the 
others on the transition energies of the structure’s active region. Our calculations are based 
on the system of rate-equations, which is solved iteratively to evaluate carrier densities, 
scattering rates, and finally the optical gain. An interesting recent study (Lyu and Gmachl 
2021) considers correction to the effective refractive index and the confinement factor in 
QCL waveguide modeling due to the effect of the anisotropic optical gain and non-Hermi-
tian properties of the waveguide structure and materials. Their findings confirm the impor-
tance of the inclusion of the anisotropic properties in QCL modeling, however, please note 
that in our paper we have used different approaches and methods. This communication is 
organized as follows: Sect. 2 provides a detailed description of the model, in Sect. 3 we 
discuss results of numerical simulations for a QCL active region design chosen from litera-
ture, and Sect. 4 concludes the paper with a brief closing summary.

2 � Model

The electron inside a QCL is quantized in one (x) dimension, while it is pseudo-free in the 
other two dimensions (y, z) according to the effective mass model. The permeability of a 
semiconductor-based nonmagnetic metamaterial is µ = 1, while the intersubband induced 
permittivity for the quantum structure unit cell, considering strong anisotropy of optical 
properties, is represented by the dielectric permittivity tensor that has the following form 
(Ginzburg and Orenstein 2008):
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Here �y = �z = �∥ are the permittivity components along the quantum well planes (per-
pendicular to the growth direction x):

where �LO and �TO are longitudinal and transversal optical phonon angular frequencies 
respectively, �∞ and �(0) are permittivities at high and low frequencies, 
�0�� = �TO =

√
�∞∕�(0)�LO , and �p|| = �∞

√
1

�∞
−

1

�(0)
 . In our previous work (Dubajić 

et al. 2018; Vuković et al. 2015) we considered ε∥ to be a constant, equal to �b-the averaged 
permittivity of the background material.

Permittivity along the growth axes ( x ), denoted by �
⟂
 , is described by the Lorenzian 

model (Basu 2003; Ginzburg and Orenstein 2008):

where Lp is the length of the unit cell in the x direction, Ns,i represents the spatial sheet 
density of electrons in the i-th subband (total number of electrons in the subband divided 
by the spatial area of interest), 𝜔nm =

(En−Em)

�
> 0 , when n > m , is the resonant transition 

frequency between states n and m , xmn is the transition matrix element between states n and 
m , and � stands for the angular frequency of the input light.

In this paper, we have assumed that longitudinal optical (LO) phonon scattering is the 
dominant non-radiative transition mechanism in QCLs of interest. Phonon scattering in a 
crystal is described by the Fröhlich interaction (Jirauschek and Kubis 2014). The phonon 
spectrum available to a QCL electron for scattering is approximated to be the phonon spec-
trum of a bulk sample of the material used in the quantum wells, as in (Baird 2009). Nev-
ertheless, the assumption is also made that the bulk crystal has dispersion such that LO 
photon can be created or destroyed in a transition at the frequency 

∼
𝜔LO ( �⃗q) which depends 

on the wavevector �⃗q.
Electric field originating from LO phonons in the QCL active region has an orthogonal 

and transverse component �⃗E = ����⃗E
⟂
+ ����⃗E|| = −∇Φ

0
ei⃗q⃗r , where Φ

0
ei⃗q⃗r is LO phonon potential, 

and �⃗q is LO phonon wave vector. From electrostatics we have ∇(𝜀
⟂
����⃗E
⟂
+ 𝜀||����⃗E||) = 0, which 

results in the following transcendent equation:

where q
⟂
≡ qx and q||2 = qy

2 + qz
2.

Normalization condition for LO phonons (Stroscio and Dutta 2001) results in the fol-
lowing expression for Φ

0

where we have introduced two new variables:

(1)� =

⎡
⎢⎢⎣

ε
⟂

0 0

0 ε∥ 0

0 0 ε∥

⎤
⎥⎥⎦

(2)ε∥(�) = �∞
�2 − �LO

2

�2 − �TO
2
= �∞ +

�p||2

�0||2 − �2

(3)𝜀
⟂
(𝜔) = ε∥ +

2

Lp

e2

𝜀0�

∑
n>m

(
Ns,m − Ns,n

) ||xmn||2𝜔nm

𝜔2
nm

− 𝜔2

(4)𝜀⊥
(
�𝜔LO

)
q2
⊥
+ 𝜀||

(
�𝜔LO

)
q2|| = 0

(5)Φ2

0
=

�𝜔LO

2𝜀0V
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(
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)
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⊥
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We apply the Fröhlich Hamiltonian to Fermi’s golden rule and calculate the phonon 
scattering rate. The interaction Hamiltonian between an electron and a LO phonon is given 
by (Stroscio and Dutta 2001):

where â+
q
 and âq are phonon creation and annihilation operators. The interaction Hamilto-

nian represents a sum of all the possible discreet phonon modes q. Since the crystal is large 
enough the modes are assumed to be infinitesimally close and the sum can be approxi-
mated by an integral in a standard way.

Fermi’s golden rule can be written for the transition rate wems,abs

i→f
 from an initial quan-

tized intersubband state i in the x dimension and initial free state with wave vector �⃗ki in 
the y–z dimension and initial crystal phonon state Ni,⃗q to a final intersubband state f in the 
x dimension and final free state with wave vector �⃗kf  in the y–z dimension and final crystal 
phonon state Nf ,⃗q (Baird 2009; Harrison and Valavanis 2016):

where H�
if
=< Ψf ,

�⃗kf ,Nf ,⃗q

|||�H�|||Ψi,
�⃗ki,Ni,⃗q > . Note that the upper/lower signs in Eq. (8) des-

ignate emission/absorption transition. Phonon occupation number is given by Bose–Ein-
stein statistics (Harrison and Valavanis 2016): Nq =

1

eℏ
∼

𝜔LO∕kT−1
 . Matrix element Mif  is 

defined as:

From the conservation of momentum expressed via the Dirac deltas in the Eq. (9), the 
transverse component of the interaction wavevector ( �⃗q||) is just the difference of the initial 
and final wavevectors, i.e. �⃗kf = �⃗ki + �⃗q|| , which after the application of the cosine theorem 
gives rise to:

To find the transition rate into a specific quantum state f in the x dimension but any final 
state in the y–z dimensions we need to integrate over all possible final states in the y–z 
dimension. After some basic mathematical transformations, we arrive at:

(6)

𝜌|| =
𝜔2

p||�𝜔LO
2

(
𝜔2

0|| − �𝜔LO
2
)2

𝜌⊥ = 𝜌|| +
2e2

𝜀0�Lp
�𝜔LO

2
∑
n>m

(
Ns,m − Ns,n

)||xmn||2𝜔nm(
𝜔2
nm

− �𝜔LO
2
)2

(7)Ĥ� =
∑
q⃗

Φ0

(
q⃗
)[
âqe

iq⃗r⃗ + â+
q
e−iq⃗r⃗

]

(8)

w
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)
=
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�
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�
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|||
2

𝛿
(
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∓ ��𝜔LO
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1

2
±

1

2

)|||Mif
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2

Φ2

0
𝛿
(
Ei

(
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)
− Ef

(
k⃗f

)
∓ ��𝜔LO

)

(9)Mif =< Ψf (x)
|||e

∓iq
⟂
x|||Ψi(x) > 𝛿(kf ,y ± qy − ki,y)𝛿(kf ,z ± qz − ki,z)

(10)q||2 = ki
2 + kf

2 − 2kikf cos�
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We have applied the conservation of energy Dirac delta, i.e.

Finally, averaging over all initial wave vectors results in total scattering rate:

where we have used Fermi distribution for electrons in a subband:

Fermi energy of the i-th subband depends on the electron sheet density Ns,i and elec-
tron temperature (set to 300 K in this work) as:

The populations are to be determined by solving the system of rate equations which 
depend on scattering rate calculations, nevertheless, the individual subband Fermi levels 
are found from the populations and used in the scattering calculations. Since all these 
properties are circularly dependent they must be found iteratively (self-consistently).

Rate equations for a three-level system in equilibrium (the sum of all possible transi-
tion rates into the level and out of the level are equal) that we are considering in this 
paper are:

From the conditions of continuity, we have Jin = Jout = J. The sum of the populations 
of the three subbands is equal to the constant value Ns determined by doping. As for the 
iterative procedure we need to set some initial values for electron densities, we opt here 
for equal initial distribution, so that the total electron density is evenly divided among 
the levels.

(11)

w
ems, abs
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(
k2
i

)
=

me2

8𝜋2�2𝜀0

∞

∫
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2𝜋
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1

2
±

1

2

)
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2

⊥

||||
⟨
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2
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2 = ki

2 +
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∼
𝜔LO)

(13)
1
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w
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2
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)
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∞∫
−∞

fFD(ki)dki

(14)fFD
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1

1 + exp[(Ei(0) + ℏ2ki
2∕2m∗ − EF,i)∕kBT]

(15)EF,i = Ei(0) + kBTln[exp

(
𝜋ℏ2Ns,i

kBTm
∗

)
− 1]

(16)

dN3

dt
=

Jin

e
−
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−

Ns,3

�32
+
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+
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�23
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+
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−
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−
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+
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3 � Anisotropic gain

As a starting point of our analysis, we use the following equation derived from the Max-
well EQs. for a waveguide:

where �z is z-component of the photon wavevector� , a real quantity, and it can be expressed 
as: �z = |�R|sinθ� , where |�R| denotes the modulus of the real part of the photon wavevec-
tor� , and θ� is the angle between the real part of � and the growth axes x. The x component 
of � is a complex number with a real part kxR = |kR|cos

(
��
)
 . We have only considered TM 

polarization in this manuscript since the equation for TE modes is the same as for the case 
of an isotropic medium where the dielectric permittivity is independent of x (quantum well 
growth direction). Therefore, the case of TE modes was not interesting for further analysis 
and was not considered in our work.

We can split Eq. (17) into its real and imaginary parts and introduce new variables a and 
b:

which we can use to express real and imaginary parts of �x as:

Angle θ� is set in advance and phonon wavevector components �x and �z can be deter-
mined as a function of θ�.

Quantum cascade laser gain can be expressed as (see Appendix A for more details) as:

In the above Eq. (20) nR is the real part of the QCL refractive index:

(17)�2

x
+

�||
�
⟂

�2

z
= E||�2

0
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𝜀⊥

}
𝜅2

z
= a

Im
{
𝜅2

x

}
= −𝜀||Im
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z
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�
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2
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b
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∥
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∗P∗
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�∥
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{
1

�
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}]2
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=
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+ �2

xR

�2
xR

�∥
+ Re

{
1

�
⟂

}
�2
z

=
�∥
(
tg2

(
��
)
+ 1

)

1 + Re
{

1

�
⟂
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L(ħω) is the Lorentzian; Pi,fx
 and Pi,fz

 are form-factors that depend on the total electron 
wave functions Ψi,Ψf :

(22)
Pi,fx

= ∫ Ψ∗
f
ei(𝜅xx+𝜅zz)p̂xΨidV

Pi,fz
= ∫ Ψ∗

f
ei(𝜅xx+𝜅zz)p̂zΨidV

Fig.1   a One GaAs/Al0.45Ga0.55As QCL period (cascade) has Lp = 46 nm length. Thicknesses of the grown 
layers shown in Fig starting from the first well on the left are given in nanometers in order: 3.2/2.0/3.0/2.6/3
.0/4.5/2.0/1.1/5.4/1.1/4.8/2.6/3.8/1.7/3.4/1.8. For the calculation of the electronic structure, we take the off-
set of the conduction zone to be 440 meV, the applied electric field of K = 48 kV/cm, while the doping con-
centration Ns = 4e15 m−2 per cascade. b Components of the dielectric permittivity tensor; in the isotropic 
model both components are equal to �||
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4 � Numerical results and discussion

We will now use our anisotropic model on the mid-IR GaAs/Al0.45Ga0.55As QCL active 
region from (Atkins 2013) (#MR2784) and calculate eigenenergies and eigenfunctions 
using the transfer matrix method (TMM) (Vukovic et al. 2014; Vuković et al. 2014). The 
active region consists of three quantum wells and the injector region consists of five quan-
tum wells. The expected transition is diagonal, the electron from the injector minizone 
will resonate with the third state of the active region (blue line in Fig. 1a) and will then 
dissipate into the second state of the active region (green line). Figure 1a shows only 3 
states that are relevant for the lasing action. The eigenenergies are E1 = 144.4 meV (red), 
E2 = 184.8 meV (green), and E3 = 321 meV (blue). The calculated wavelength of the lasing 
transition 3–2 is equal to 2πℏc/E32 = 9.122 μm, close to the one reported in (Atkins 2013).

The resonant energy for LO phonon scattering is not only dependent on the material 
system used, but also on the layer structure itself, so it is of interest to find the contribution 
of the electronic structure. The angular frequency of the phonon transition 

∼
�LO accord-

ing to Eq.  (4) depends on both the lateral and the normal components of the dielectric 
permittivity given by Eqs. (2) and (3) respectively. Figure 1b presents �|| (dashed) and �

⟂
 

(full line). While �|| contains only the frequency mode which originates from the mate-
rial itself (~ 36.5 meV), the normal permittivity component �

⟂
 depends in addition on the 

contributions from the three transitions: 2–1 (~ 40.4  meV), 3–2 (~ 136.2  meV) and 3–1 
(~ 176.6 meV). Figure 1b shows that the contribution of 2–1 transition to �

⟂
 is dominant, 

the contribution of the transition 3–2 is also visible (although not very pronounced), while 
the contribution of the 3–1 transition is minor.

We numerically solve the Eq.  (4) in the vicinity of the four frequencies (LO phonon 
modes) corresponding to material LO phonon energy and transition energies between the 
levels in Fig. 1a. Dispersion relations are shown in Fig. 2.

We now determine subband populations and scattering rates through the iterative pro-
cedure (as was explained in Sect. 2). The evolution of these quantities is shown in Table 1, 
and the results for the subband populations are also plotted in Fig. 3a. We observe that the 

Fig.2   Dependence of LO phonon energy on the phonon wavevector components q
⟂
 and q|| (dispersion). 

The four energies around which we numerically find zeros of the Eq. (4) correspond to a LO phonon energy 
of a given material, b transition 2–1, c transition 3–2, and d transition 3–1 in the active region of MR2784 
(Atkins 2013)
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algorithm converges after a few (8) iterations. Note that Ns,3 > Ns,2 which is a prerequisite 
for the inverse population and thus positive gain. In addition, Ns,1 > Ns,3 which is justified 
by the fact that we use a 3-level model from the system (16) and unit injection, and the car-
riers from level 1 (lowest level) need to be injected into the adjacent cascade of the struc-
ture. The four numerical values that are shown for each scattering rate in Table 1 represent 
the contribution of each of the LO phonon modes (from Fig. 2), and their sum represents 
the total scattering rate of that transition. For comparison we also display the results of the 
iterative procedure for the isotropic model of dielectric permittivity in Table 2. One may 
see from Table 2 that the self-consistent algorithm converges faster in the isotropic case, 
where for the calculation of Wij we only considered a contribution from one LO-phonon 
mode (corresponding to a material, transition energy ~ 36 meV) shown in Fig. 2a. The final 
values of Nsi, Wij notably differ from values presented in Table 1.

The final calculated electron densities (output from the self-consistent procedure) are 
then used to find the optical gain for the lasing transition 3- > 2 and it is compared to 
the isotropic model predictions; see Fig. 3b. From Fig. 3b we see that the dependence 
of relative gain on θ� is nearly a constant, while there is a significant change of gain cal-
culated from the anisotropic model compared to the gain calculated using the isotropic 
model (ratio of ~ 62%). This significant difference between the predictions of the two 
models originates mainly from the different final sheet carrier densities: the anisotropic 
model incorporates contributions of all four LO-phonon modes in the iterative proce-
dure (see Tables 1 and 2, values of final Ns3 and Ns2).

5 � Summary

In this theoretical contribution, we have numerically elucidated that the anisotropy of 
the QCL active region dielectric permittivity has an important effect on the distribu-
tion of electrons between the subbands, consequently on electron-LO phonon scattering 
rates between the relevant states and the optical gain. We have demonstrated our claim 
on the example of the 3-well QCL active region reported in the literature. Future work 
will entail the inclusion of additional scattering mechanisms and impact on THz QCLs, 
confinement factor modifications due to anisotropy, modeling of left hand materials as 
well as the inclusion of an external magnetic field.

Fig. 3   a Evolution of electron sheet density through iterations and b gain ratio for the lasing transition 3–2 
calculated using anisotropic model (given by Eq.  (20)) and isotropic model, vs. angle θ� (introduced in 
Sect. 2)
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Appendix A: Anisotropic gain expression

We assume the following spatial distribution of the magnetic field:

The total time-dependent magnetic field can be expressed as:

From Maxwell equations, one can express x and z components of the electric field in 
terms of the magnetic field as:

The Pointing vector is given by:

The intensity of electromagnetic radiation will be found by averaging the Pointing vector 
during one period:

The intensity is then found as:

We will express the amplitude of the magnetic field in terms of the electric one:
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Now we finally get the intensity in the desired form:

where I0 =
1

2
�0c
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||2n0 is the radiation intensity in the isotropic model ( � = �∥ in all direc-

tions), and n0 =
√
E∥ . The real part of the QCL refractive index is:

We will now address the correction of the matrix element:
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From Eq. (32) we can express H0
2||�R||2 and insert in (38) to find:

Using Eqs. (33), (35), and (39) we get:

QCL gain with the anisotropic active region can now be expressed as:

which after applying (40) brings us to the final result:
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