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We have theoretically explored the influence of the magnetic field on supporting the multimode 
Risken-Nummendal-Graham-Haken (RNGH) self-pulsations seen in the optical spectrum as two broad 
modulations sidebands at the Rabi flopping frequency [25–27]. On the example of microcavity quantum 
cascade lasers (μ-QCLs), we demonstrate that Landau quantization in an external magnetic field slows 
down the effective decoherence and diffusion rates. The pump current required to reach the broadband 
multimode RNGH self-pulsations is lowered with the magnetic field strength, while the Rabi flopping 
frequency and the overall optical spectrum width remain practically unchanged. Our theoretical results 
indicate that an external magnetic field can be a valuable tool for achieving high-power broadband QCL 
self-pulsations in practice.

© 2020 Elsevier B.V. All rights reserved.

1. Introduction

Quantum Cascade Lasers (QCLs) provide one of the finest examples of how quantum engineering of interchangeable semiconductor 
layers can be employed in order to create powerful and adaptable light emitting sources in a broad spectrum of wavelengths tailored to a 
specific predefined use. Since their inception by Bell Laboratories [11], they have managed to prove the versatility of possible applications 
ranging from chemical sensing, medical diagnostics and optical communications, to high-sensitive real-time measurements of air polluting, 
greenhouse and poisonous gases. The realization of a device whose output characteristics are tuned by varying the layer composition 
and the thickness of constituent semiconductor materials sets a brilliant example of bandgap engineering and is made possible by the 
development of sophisticated material growth techniques [9,21].

The charge carrier dynamic in these complex device structures is very different from that occurring in inter-band lasers, and is governed 
by different mechanisms. In the active region of QCLs, where radiative transitions take place, the electron-longitudinal optical (LO) phonon 
scattering prevails. Such radiative transitions are characterized by extremely short carrier lifetimes, in the order of one picosecond [5], 
which in return result in high lasing threshold currents. This disadvantage can be overcome in device structures with further reduced 
charge carrier system dimensionality, for instance by applying a strong magnetic field in the growth direction of the epitaxial layers 
[5,8], [25–27], [5,1]). Under the influence of the magnetic field, the two-dimensional electron energy subbands are split into a series of 
discrete Landau levels (LLs) and an additional quantization of the electron in-plane motion is introduced. Taking into account that the 
scattering processes between two electron states depend on their energy difference, simple variation of the magnetic field strength can 
lead to suppression or enhancement of specific relaxation processes, enabling the device output characteristics to be tailored for a specific 
application needs. This feature, for instance, can be of particular importance for spectroscopic applications of QCL frequency combs in 
multimode operation regime [16].
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In recent years, considerable effort has been put into research and fabrication of reliable room temperature operating compact QCL 
devices capable to produce short terahertz pulses [20,24]. This has been achieved using different approaches to generate frequency combs 
consisting of well-controlled equidistant frequency lines [19,7]. However, due to extremely short non-radiative lifetimes, pulse mode-
locking operation is more difficult to occur in mid-infrared QCLs than in terahertz devices [34,4]. One of the possible ideas to overcome 
this problem has emerged with the proposal of QCL dynamics tailoring in such a way so as to produce regular Risken-Nummendal-
Graham-Haken (RNGH) self-pulsations [30,2].

Low-threshold RNGH instability has been experimentally observed in both ridge waveguide QCLs as well as in buried heterostructure 
QCLs [33,13,6] and these experimental observations were in disagreement with the originally proposed theory of high-threshold RNGH 
instability in a laser [22,15]. In our recent studies [32,30] the multimode RNGH instability in a Fabry-Pérot cavity QCL has been analyzed 
in detail and a mechanism responsible for low-threshold RNGH instability in QCLs was proposed. It was shown that multimode RNGH 
instability occurs at the Rabi flopping frequency as a result of a combined effect of the carrier coherence grating, carrier population 
grating and relaxation processes due to carrier diffusion. In combination with the possibility of tailoring these features by the applied 
magnetic field, which we analyze in the present paper, these findings may lay down a foundation for a novel valuable tool in the design 
of QCLs tailored for specific applications.

2. Theoretical considerations

2.1. Relaxation and diffusion in magnetic field

In a QCL structure exposed to a strong magnetic field B applied along the growth direction, the continuous energy subbands En(k‖) are 
split into a series of discrete Landau levels with the energies defined as En,l = En(k‖ = 0) + (l + 1/2)(�eB)/(m‖,n(En0)) − 1/8[(8l2 + 8l +
5)〈α0〉 + (l2 + l + 1)〈β0〉](�eB/m∗)2, where index l = 0, 1, 2, . . . enumerates Landau levels, ωc = eB/m‖,n(En0) is the cyclotron frequency, 
in which m‖,n(En0) denotes the parallel effective mass at the bottom of the n-th subband, m∗ represents the parabolic effective mass 
in the quantum well material, and 〈α0〉, 〈β0〉 are the nonparabolicity parameters averaged over the z-axis direction (epitaxial growth 
direction) [25–27]. As a model system, we consider a structure design with a 4QW active region in which double-LO phonon represents 
the dominant depopulation mechanism of the lower lasing level. The energy spacing between the three lowest-energy states in the active 
region matches the LO-phonon energy, facilitating the relaxation processes.

The LO-phonon emission rate on the transition between the initial Ei = Eni ,li and the final state E f = En f ,l f is given by the following 
expression [5]:

W LO
Ei−→E f

= e2ωLO

4ε0εp

1

δ
√

2π
exp

(
− (Ei − E f − �ωLO)2

2δ2

)
(Nq + 1)

∞∫
0

|F (q‖)|2G(q‖)dq‖ (1)

where ε−1
p denotes the difference between the reciprocal values of the static and the high-frequency dielectric constants (ε∞ = 10.67 and 

εs = 12.51), �ωLO is the LO-phonon energy, while δ stands for the width of the Gaussian distribution of the energy difference Ei − E f . 
Nq = 1/[exp(�ωLO/kB T ) − 1] represents the mean number of LO phonons and q‖ corresponds to the in-plane component of the phonon 
wave vector 	q = (q‖, qz). The quantity |F (q‖, li, l f )| embodies the lateral overlap integral, which, in the case of li ≤ l f , reads:

∣∣F (q‖, li, l f )
∣∣2 = exp

(
− q2‖

2β2

)
li !
l f !

( q2‖
2β2

)li−l f
[

L
li−l f

li

( q2‖
2β2

)]2

(2)

where β = (eB/�)−1/2 is the magnetic-field length, and Lk
n(x) denotes the associated Laguerre polynomial. G(q‖) =

∫∫
η∗

i (z)η f (z)×
ηi(z′)η∗

f (z′)e−q‖|z−z′|dzdz′ represents the form factor, and ηi and η f stand for the z-dependent parts of the initial and final state 
wavefunctions, respectively.

Due to the monolayer thickness fluctuations, the interface roughness scattering (IRS) occurs at the interfaces of epitaxial layers. IRS 
rate can be estimated using the following expression [18,29,10]:

W IRS
Ei−→E f

=
√

2π

�δ
exp

[
(Ei − E f )

2/2δ2] ∑
kxi ,kx f

〈|Mi, f |2
〉

(3)

Here, 〈|Mi, f |2〉 = |Fi, f |2Λ
2√
πα

Lx
exp(−
k2

x
2 [ 2+Λ2β2

2β2 ]) · ς(
kx) stands for the averaged squared scattering matrix element for the per-

turbation Hamiltonian in the form ĤIRS = U0 · δ(z − zi) · 
(x, y). In the expression describing the matrix element, 
2(r) represents the 
interface roughness height squared (at some in-plane position r = (x, y)), Λ stands for the correlation length and Lx is the length of the 
structure in the x-axis direction. 
kx = kxi − kx f and Fi, f = U0η

∗
i (z)η f (z), while α = β2/(π l f !li !2li+l f ). The form factor ς is given by [10]:

ς(
kx) =
∫∫

exp

(
−β2[t2 + (t − u)2] − u2

Λ2

)
· Hli

[
βt − 
kx

2β

]
· Hli

[
β(t − u) − 
kx

2β

]
· Hli

[
βt + 
kx

2β

]

· Hli

[
β(t − u) + 
kx

2β

]
dudt (4)

In the above expression, H j is the Hermite polynomial of the order j. The averaged matrix element is a function of the wave vector 
component difference of the initial and final states. Therefore after averaging over kxi the following expression can be obtained:
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∑
kxi ,kx f

〈|Mi, f |2
〉 −→ Lx

2π

∞∫
−∞

|Mi, f |2d(
kx) (5)

The overall scattering rates in our model system are then approximated by taking into account just these two dominant scattering 
mechanisms, the LO-phonon scattering [14] and the IRS, as W Ei→E f = W LO

Ei−→E f
+ ∑

zi
〈W IRS

Ei−→E f
〉. In complex quantum cascade laser 

structures, many other different scattering mechanisms are present, such as electron-electron (ee), longitudinal acoustic phonon, alloy 
disorder, and ionized impurities scattering [29]. For instance, ee scattering becomes important at high carrier concentrations, when it has 
to be taken into account alongside with LO phonon scattering [17]. However, in our first study on the magnetic field effect on the RNGH 
instability in QCL, we consider a simpler case of low and moderate carrier concentrations [12], when ee scattering is not a dominant 
mechanism contrary to the LO and IRS processes. All other scattering processes are assumed to be of lesser importance in our model 
system, which allows us to easily calculate the longitudinal relaxation time T1 and the diffusion coefficient D , as D/μ = kT /e, where 
μ = eT1/m, represents the dipole matrix element of the lasing transition

The transverse relaxation time T2 is obtained following the steps from Refs. [3,35] and using the following expression for the dephasing 
scattering rate:

Wϕ = π

4

k2
B T 2

Bcoef �E F

{
ln

(
2E F

kB T

)
+ 3(F σ

0 )

(1 + F σ
0 )2

ln

(
E F

kB T
√

b(F σ
0 )

)}
(6)

Here, b(F σ
0 ) = (1 + (F σ

0 )2)/(1 + F σ
0 )2, Bcoef represents a numerical coefficient which varies from 0.84 for weak magnetic fields to 0.79 for 

strong fields (see [3] for the characteristic values of the weak and strong fields) and the constant of electron-electron interaction F σ
0 is 

calculated according to the expression from Ref. [35]:

F σ
0 = − 1

π

rs√
r2

s − 2
arctan

√
1

2
r2

s − 1 (7)

for in this case r2
s > 2, since the gas parameter of the system equals rs = √

2e2/ε�V F and V F is evaluated as V F = √
2E F /mw , where 

E F represents the Fermi level energy, and mw is the effective mass in the quantum well material. The value of the Fermi level energy is 
obtained by numerically solving the equation describing the total sheet carrier density:

N S = eB

2π�

∑
n,l

fFD(En,l, E F ) (8)

where fFD(En,l, E F ) = 1/(e(En,l−E F )/(kB T ) + 1). Calculating the transverse relaxation time in a non-equilibrium case would be extremely 
theoretically and computationally demanding, so an approximation of stability has been made in the case of equations (6) and (8), and an 
equilibrium Fermi level has been used.

It has been shown that under typical conditions, the effect of electron temperature on the gain is similar to that of the lattice tem-
perature [12]. Like in [12], for the purpose of our exploratory study on the magnetic field effect on the RNGH instability in QCL we have 
assumed that the electron temperature and the lattice temperature coincide, i.e. Te = T L . This is a rather good simplifying assumption for 
the room-temperature operating conditions and up to moderate carrier concentrations [14]. In highly non-equilibrium conditions at a high 
carrier concentration, the electron temperature exceeds the lattice temperature and defines the optical gain [17]. The hot carrier effect in 
the presence of magnetic field is a standalone topic that deserves more detailed research and is left for another study.

2.2. Multimode RNGH instability

The occurrence of the multimode RNGH self-pulsations in a continuous-wave (CW) single-mode laser is attributed to parametric gain 
sidebands at Rabi flopping frequencies induced by coupled oscillations of the optical field, carrier coherences and populations [23]. The 
gain curve is restructured and widened, providing enough optical gain for other longitudinal modes to lase. The lasing behavior below 
and the laser dynamics above the RNGH instability threshold differ significantly from each other. Below the RNGH threshold, the optical 
mode is under the control of the optical cavity. However, above the RNGH instability threshold, the buildup of Rabi oscillations points 
toward the conclusion that now the optical field in the laser cavity is under the influence of a macroscopic polarization in the optical gain 
medium [15].

The analytical expression for the RNGH instability threshold is explained in [30]. Below we provide a brief summary relevant for the 
work presented here.

With the purpose of obtaining the gain curve for instabilities in initially non-lasing cavity modes, a linear stability analysis with respect 
to small perturbations in the main lasing mode is applied to the Maxwell-Bloch equations [22,15]. The standing wave pattern of the optical 
field in the cavity is taken into account. The perturbations are then recast in the form of propagating wavelets ∝ exp(−ingΩz/c + Λt), 
where Λ represents the Lyapunov exponent, Ωng/c is the detuning of the propagation constant from the main lasing mode and ng is the 
group velocity index, while the parameter Ω represents the frequency offset [32]. The resulting linearized system of differential equations 
is then defined by a 9 × 9 block-block-diagonal matrix M9×9 [32], whose largest eigen value provide the dispersion curve of the instability 
increment Re(Λ) as a function of the offset frequency Ω:

Re(Λmax) = − 1

2τ
+ C0(p)

Ω2 + 1/T 2
2,eff

+ C1(p)

Ω2 + A(p)2
+ C2(p)

Ω2 + 1/T 2
2,eff

+ C3(p)

(Ω2 + 1/T 2
2,eff )

2
(9)

Here, the coefficients Ci(p) and A(p) are independent of the offset frequency [they can be found in Appendix B of Ref. [31]], T2,eff is 
the effective transverse relaxation time, given by T2,eff = 1/(T −1 + Dk2), and τ = ng/cl0 is the photon lifetime in the cavity, where l0
2
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represents the cavity loss coefficient and ng the group refractive index The dispersion curve has a symmetric shape with two maxima at 
the offset frequencies ±Ωmax with Ωmax being very close to the Rabi flopping frequencies

Ωmax ≈ Ω2
Rabi

√
1

2

T2,g

T2,eff

(
1 + 2

Ω2
RabiT g T2,g

)
− 1

T 2
g

(10)

while the maximum increment value for the multimode RNGH instability can be estimated using an approximate expression:

Re(Λmax)|Ω=Ωmax = − 1

2τ

(
1 − 3

2

Ω2
RabiT

2
2,eff

2

)
+ 2ν0 − 1

2τ

[
1 − Ω2

maxT 2
2,eff − T 2

2,eff

T 2
g

]2

(11)

Here, the effective relaxation times are given with T g = (T −1
1 + 4Dk2)−1 and T2,g = (T −1

2 + 9Dk2)−1 [32]. As can be appreciated from 
the instability gain curve, within an accuracy to the roundtrip phase self-repetition condition, the RF power spectrum of steady–state 
RNGH self-pulsations is centered near the Rabi flopping frequency. Because of the broadband gain spectrum (9), the phase self-repetition 
condition and the cavity mode selection is not crucial in long-cavity QCLs (mm-length) revealing multimode RNGH instability. However, 
these constraints become very important in micro-cavity QCLs (hundreds of micron long), capable to produce regular RNGH self-pulsations 
at ΩRabi (or its harmonics):

ΩRabi =
√

2E =
√

p − υ0

T1T2,eff
(12)

where E stands for the normalized field amplitude of the optical wave in the cavity, E = √
(p − υ0(p))/(2T1T2,eff ) and the coefficient 

√
2

appears due to the standing wave pattern of the optical field in the cavity, while p represents the pump rate normalized to the lasing 
threshold in the absence of spatial hole burning (SHB) i.e. p = I/Ith . The parameter υ0 accounts for the SHB effect [32], which lowers the 
optical gain, increases the effective lasing threshold and reduces the slope efficiency of QCL:

ν0 = 1

2

(
p + 1 + T2,eff

T2,g
+ 2T1T2,eff

T g T2,g

)
−

√
1

4

(
p + 1 + T2,eff

T2,g
+ 2T1T2,eff

T g T2,g

)2

− p ·
(

1 + T2,eff

T2,g

)
− 2T1T2,eff

T g T2,g
(13)

By combining Eq. (12) and (13) we find:

p − ν0 = T1T2,eff

T g T2,g

[√
1 + 2

T2,g T2,eff

T 2
g

(
1 + T 2

gΩ2
max

)2 − 1

]
(14)

A general solution of Eq. (14) with respect to p is obtained in [32]. According to it, the multimode instability may not occur at very low 
pump rate, when the instability increment Eq. (9) is negative, i.e. for p < pmin. The parameter pmin is the pump excess above threshold at 
which Ω2

max = 0 in Eq. (14) and is given by:

pmin = 1 + T2,eff

T2,g
+

(
T1T2,eff

T g T2,g
− T 2

g

T 2
2,g

)[√
1 + 2

T2,g T2,eff

T 2
g

− 1

]

≈ 1 + T 2
2,eff

T 2
g

[
1

2
+ T1

T g

(
1 − T2,g T2,eff

2T 2
g

)]
(15)

The multimode RNGH self-pulsations may exist only at the pump rates above pmin. In long-cavity QCLs, the cavity mode spectrum is 
dense and the cavity length has no impact on the RNGH self-excitation threshold so as pth2 ≈ pmin. However for the microcavity QCLs (μ-
QCLs) with the sparce cavity mode spectrum, the RNGH self-excitation threshold pth2 of other cavity modes is higher than pmin because 
the lowest frequency offset Ωmax in Eq. (14) at which RNGH instability may occur is |Ω(th2)

max |/2π = c/Lng [32], yielding:

pth2 = 1 + θth2

(
1 +

[
2T1

T g
+ T2,g

T2,eff
θth2

]−1)
, θth2 = T1T2,eff

T g T2,g

[√
1 + 2

T2,g T2,eff

T 2
g

(
1 + c2π2T 2

g

L2n2
g

)
− 1

]
(16)

With increasing cavity length L, the instability threshold for self-starting RNGH SPs tends toward pmin.
We examine the effect of the magnetic field on QCL lasing dynamics by inspecting the lasing threshold current Ith and RNGH instability 

current Ith2 = pth2 Ith behavior as a function of the applied field. More specifically, we have examined the dependence of the actual lasing 
threshold current change relative to the lasing threshold at zero field in the presence of spatial hole burning, i.e.:

υ(B) · Ith(B)

υ(0) · Ith(0)
= υ(B) ·Const · 1

T1(B)T2ef f (B)μ2(B)
(17)

and the second threshold current change relative to the lasing threshold at zero field in the presence of spatial hole burning:

Ith2(B)

υ(0) · Ith(0)
= pth2 min(B) ·Const · 1

T1(B)T2ef f (B)μ2(B)
(18)

where Const = T1(0)T2eff (0)μ2(0)/ν0(0), μ = e|d3,2| and the dependence of the dipole matrix element for the transition between the 
upper lasing level 3 and lower lasing 2 on the magnetic field is defined using the perturbation theory approach:
4
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(a) (b)

Fig. 1. The dependence of the (a) LO phonon scattering time and (b) the IRS scattering time on the magnetic field value.

d3,2(B) = d3,2(0) +
+∞∫

−∞

(
η

(1)∗
3 zη20 + η∗

30zη(1)
2

)
dz +

+∞∫
−∞

(
η

(1)∗
3 zη(1)

2

)
dz (19)

Here, the first order correction for envelope wavefunction has the following form (example is given for the upper lasing level): η(1)
3 =

e�B( j + 1
2 ) 

∑
k �=3

M3k

E(0)
3 −E(0)

k

ηk0 and M3k = ∫ +∞
−∞ η∗

30(
1̂

M(z) )ηk0dz.

In QCLs chips of conventional length (of a few mm long), the gain recovery time is much shorter than the cavity roundtrip time. In the 
multimode RNGH instability regime they produce multiple irregular self-pulsations within the cavity roundtrip. Only the microcavity QCLs 
(μ-QCL) with the chip length of hundred microns sustain the regular RNGH self-pulsations. However, their threshold current densities are 
prohibitively high. In this communication we have shown that by applying a strong magnetic field, it is possible to lower the required 
pump current for reaching regular RNGH self-pulsations.

3. Numerical results and discussion

Using analytical expressions introduced in the previous chapter, we study the dependence of the RNGH instability threshold, Rabi 
oscillations frequency, maximum instability increment value and its offset frequency on the magnetic field strength. Although the question 
in hand is on the broadband multimode emission, lasing spectrum modelling requires numerical simulation with the travelling wave 
rate equation model (Vukovic JSTQE 2017). These simulations are outside of the scope of the present paper about The calculations were 
performed for an In0.53Ga0.47As/Al0.48In0.52As QCL structure design with the layer composition and doping profile of the sample N655 from 
[28]. For evaluating the magnetic field effect on the lasing transition, only the active region of the mentioned structure was analyzed, 
with the layer thicknesses 43/17/9/54/11/53/12/47/22, where numbers in bold typeface denote the barriers. The electric field bias is 
fixed at F = 44 kV/cm and the lattice temperature is assumed to be T = 300 K. The effective masses in the wells and barriers are: 
m∗(In0.53Ga0.47As) = 0.042 and m∗(Al0/48In0.52As) = 0.075. The calculated subband energies of the confined states are E1 = 0.0575 eV, 
E2 = 0.0963 eV, E3 = 0.1351 eV, E4 = 0.2983 eV, E5 = 0.3562 eV, E6 = 0.4350 eV and E7 = 0.5004 eV, with the lasing transition energy 
being of 
E43 = 163 meV. The structure implements the so-called double LO-phonon resonance design for lower lasing level depopulation, 
with 
E32 = 
E21 = 38.8 meV ≈ �ωLO.

The two dominant relaxation mechanisms considered in the model are LO and IRS scattering. The dependence of the LO phonon 
scattering time, τ LO

Ei→E f
= 1/W τ LO

Ei→E f
, where W τ LO

Ei→E f
is given by Eq. (1), and the IRS scattering time, τ IRS

Ei→E f
= 1/W τ IRS

Ei→E f
, where 

W τ IRS
Ei→E f

is given by Eq. (3), on the magnetic field are presented in Fig. 1. The shape of the two curves is imposed by the structure and 
dispersion of Landau levels and is imprinted on all magnetic field dependences reported below. Note that the LO scattering rate is one 
order of magnitude higher.

The dependence of the longitudinal relaxation time T1 is then obtained from the sum of the abovementioned scattering rates, and 
its dependence on the magnetic field value is shown in Fig. 2a. The transverse relaxation time T2 obtained from Eq. (6) is plotted as a 
function of the magnetic field in Fig. 2b. It exhibits much smoother variations in magnetic field as compared to T1.

Using these data curves, the effective relaxation times, T g and T2,g , as well as the effective transverse relaxation time T2,eff can easily 
be estimated, which then allow us to find the RNGH instability threshold.

In Fig. 3a, the dependence of pth2 in μ-QCL on the magnetic field strength is shown for several microcavity lengths, i.e. 100 μm (blue), 
80 μm (red) and 60 μm (green). The minimal (normalized) pump rate pmin to achieve RNGH instability in long-cavity QCLs is plotted in 
Fig. 3b. The normalized RNGH instability threshold exhibits a general trend to rise with magnetic field. The shorter QCL cavity the higher 
variations of pth2 in the magnetic field, mostly repeating the pattern of T1 variations from Fig. 2a due to Landau levels.
5
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(a) (b)

Fig. 2. The dependence of the (a) longitudinal and (b) transverse scattering time on the magnetic field value.

(a) (b)

Fig. 3. (a) The dependence of the RNGH instability threshold pth2 in μ-QCL on the magnetic field strength for several microcavity lengths, i.e. 100 μm (3), 80 μm (2) and 
60 μm (1); (b) Dependence of the minimal pump rate pmin to achieve RNGH instability in long-cavity QCLs plotted as a function of the magnetic field strength.

For the pump excess above the lasing threshold p set to 2.5, the dependence on the magnetic field of the SHB parameter ν0 from 
Eq. (13) is represented in Fig. 4. Note that SHB is weakened in strong magnetic fields, which causes the normalized RNGH instability 
threshold in Fig. 3 to rise.

The Rabi oscillation frequency ΩRabi and the offset frequency Ωmax at the highest RNGH instability increment are shown in Fig. 5. The 
difference between the two frequencies is caused by the important contribution from the transvers phase relaxation (Fig. 2b). These data 
curves allow us to find the maximum RNGH instability increment at the offset frequency Ωmax (see Eq. (11)). In Fig. 6, it is plotted for 
a fixed pump rate above the lasing threshold of p = 2.5, exhibiting a general trend to lower as a function of the magnetic field strength. 
Like in the case of pth2 dispersion, this behavior can be attributed to a reduction of the SHB strength parameter ν0. Here, the photon 
lifetime in the cavity is calculated according to the expression τ = ng/cl0. The value for l0, i.e. cavity loss coefficient, comprises of intrinsic 
material losses and output coupling losses (mirror losses) and is calculated as l0 = αi + αM , where αM = 1/2 ln(1/(R1 R2)).

At first sight, for a fixed pump excess above the lasing threshold p, all these results indicate that the multimode RNGH instability is 
more difficult to excite in high magnetic fields. However, the lasing threshold current also reduces strongly in the magnetic field, resulting 
in a completely opposite behavior for a fixed pump current. Thus Fig. 7 shows the actual lasing threshold current change relative to 
the lasing threshold at zero field in the presence of SHB for a few lowest Landau levels l = 0 (1), l = 1 (2), l = 2 (3) and l = 3 (4). The 
dependence of the 2nd threshold current change relative to the lasing threshold at zero field in the presence of SHB for these Landau 
levels is given in Fig. 8. It follows that by applying a 10 T (15 T) field, the pumping current required for regular self-pulsations in μ-QCL 
can be reduced by 50% (80%).
6



Fig. 4. The dependence of the SHB parameter ν0 on the magnetic field for the pump rate normalized to the lasing threshold in the absence of spatial hole burning of p = 2.5.

(a) (b)

Fig. 5. The (a) Rabi oscillation frequency ΩRabi and (b) the offset frequency Ωmax at the highest RNGH instability increment dependence on the magnetic field value. Both 
frequencies are plotted for the pump rate normalized to the lasing threshold in the absence of spatial hole burning of p = 2.5.

4. Conclusion

The magnetic field dependence of the RNGH instability threshold as well as other QCL parameters essential for ultra-fast self-pulsations 
has been studied on example of microcavity QCLs (μ-QCL). We conclude that the pump current required to reach the broadband multi-
mode RNGH self-pulsations is lowered with the magnetic field strength, while the Rabi flopping frequency and the overall optical spectrum 
width remain practically unchanged. The approach can be helpful for achieving high-power broadband QCL emission in practice, that may 
be applied to the QCL frequency comb generation. A possibility to further tailor the behavior of QCLs in magnetic field for various specific 
applications shall be explored in future studies by implementing dedicated QCL designs.
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Aleksandra Gajić: Writing – Original draft preparation, Software, Formal analysis, Methodology. Jelena Radovanović: Supervision, Con-
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Fig. 6. The dependence of the maximum RNGH instability increment value at the offset frequency Ωmax on the magnetic field value. The pump rate normalized to the lasing 
threshold in the absence of spatial hole burning is of p = 2.5.

Fig. 7. The actual μ-QCL lasing threshold current change relative to the lasing threshold at zero field in the presence of spatial hole burning depending on the magnetic field 
and landau index: l = 0 (1), l = 1 (2), l = 2 (3) and l = 3 (4).

Fig. 8. The dependence of the 2nd threshold current change relative to the lasing threshold in μ-QCL at zero field in the presence of spatial hole burning on the magnetic 
field value and landau index: l = 0 (1), l = 1 (2), l = 2 (3) and l = 3 (4).
8
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