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e M. Proki¢, K. Ilalaj, M. Paskota. Classifying countries for railway performance
benchmarking: A hierarchical clustering approach. Railcon, Ni§, Serbia, 15-16 Oc-
tober 2020. (xoayrtop)
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3 IlIpemvier muceprTaluije

Tema nOxTOpCHE JMCepTanuje je pas3sBoj TECTOBa cariacHOCTH 0asMpaHHX Ha
KAPAKTCPU3AIN]aMa PDACIONSIA HA OCHOBY HE3ABMCHOCTH CTATUCTHKA, OJHOCHO Ka-
paKTepu3alnrja Koje ce Mory mpuxazaru v ciaeieliem obauky.

IIpemnocmasumo da nocmoje mepnuae gyrxyuje 1 :R* =R u iy : R™ = R,
xoje wapaxmepuwy pamuasnjy F waace pacnodeaa na caedeliu navun:

(X1, Xn) wa{Xy, ..., X)) cy Hesasucne < F € F,



Pynryujom pacnodeae F.

OpuruHEaaEu pe3ylTaTH ayTODa OJHOCE Ce HA KOHCTPYKLW]Y TECTOBA 38 DAas-
JUYNTE TUIOBE IIOXATaKa 4MME je MIYyCTPOBaHa CBeOOYXBATHOCT IPHCTYHA. Pas-
MaTpaHe Cy KapaKTepU3aluje 38 HEKOJINKO AICOJYTHO HENIPEKHIHNX Daclodeia, 3a
FeOMETPHUJCKY Paclomely Ka0Q HpHMep AUCKPeTHe, Kao M 3a oDaBujery HOPMAaIHy
pacmogeny Kao IPUMEp KapakTepusanuje 3a OUpKyJlapHe pacuozerne. Ha ocHOBY
HLUX CY KOHCTPYHMCaHM TecTOBM Kopumliemem U-eMnupHjckux QyHEIMja pacroge-
JIe Ka0 ¥ PA3JIMYUTHUX V-eMINDHjCKUX MHTErPATHAX TpaHchopManuja. 3a CBe npe-
IJIOYKeHe TeCTOBE Cy M3BelleHe TPaHUYHE PaciIolelle [0k HyJATOM xunoresoM. Mere
Ce Y HEKUM CIYyUYajeBMMAa MOTY KOPHMCTHTH 33 AIPOKCUMALM]Y PACIONENa CTATH-
CTHKA y CIy4Ya]y y3opaka koHauHor obmma. llopen Tora, m3senene pacmomerne cy
BarKHe jep IPEACTaBLajy OCHOBY 34 ONPaBIAH:E KOPUHINEHUX OYTCTpell TeXHHKA.

4 Ilpukaz mucepramnuje
Iucepramija je HanucaHa Ha viit + 141 crpanu, a ctpyrrypa je creaelia:
1 Introduction (¥Box) 1

1.1  Convergence results for random elements in metric and Hilbert spaces
(PesynraTi 0 KOHBEPUeHIUIH CIYUAJHUX eJleMEHATa V¥ METPUUKUM

n XuibepToBEM MPOCTOPHUME) 2
1.2 U- and V- statistics (U~ u V-crarucruxe) 7
1.3 U-processes (U-mponecu) 22
1.4 Characterizations of probability distributions (Kapakrepuzamuje pac-

O Iema) 25

2 Goodness-of-fit tests for the geometric distribution based on Ferguson's characte-
rization (TecToBM CArNACHOCTH Ca FeOMETPUjCKOM PACIOACTIOM 3aCHOBAHI

Ha $eprycoHOBOj] KapaKTepPHU3ALNL]u) 28
2.1 Proposed test statistics (Ilpemnosxene TecT craTHCTUKe) 28
2.2 Asymptotic properties (AcumnToTcka crojcrsa) 31
2.3 DBootstrap approximation of the null distribution (Byrerpen anpoxcu-
Malyja paclojeie 0] HyJITOM XUIOTE30M ) 38
2.4  Power study (EmMmmpujcra cryauja mohin) 43

3 A correlation-type goodness-of-fit test for absolutely continuous distributions
(TecT carmacHOCTM KOPeNalMOHOI THUIA 34 AICONYTHO HEIPEKUIHE Pac-

o Je e ) 49

3.1 Large sample properties (AcmMuroTcka crojcTma) 52

3.2 Goodness-of-fit testing for selected distributions (Tecrupame caraa-
cHOCTH 32 omabpaHe pacnomxeine) 64

3.3  The list of alternative distributions (JIucra anrepraTusENx pacmogena) 72



4 A goodness-of-fit test for the wrapped normal distribution (Tecr carmacrocTu

ca 00aBUjEHOM HOPMAJJTHOM DACTIOAEIIOM ) 75
4.1 Construction of the novel test statistic (Korcrpyrnuja mose recr cra-
THCTHKE ) 81
4.2 Asymptotic properties (AcuMOTOTCKA CBOjCTBA) 82
4.3 Power study (Emaupujcka crymwja mohin) 86

5 A new approach to goodness-of-fit testing based on linear combinations of de-
generate V-statistics (Hoen upucryn recrrpamy cariacHOCTH 3aCHOBaH Ha

IVHEADHNM KOMOWHALM]aMa JeTeHePUCAHUX V-CTATUCTHKA) 96
5.1 Weight selection (Opabup rexuna) 98
5.2 Applications to different testing problems (IIpumena ma paznuumre
npobieme TecTUpama) 100
5.3 Combining test statistics of other types (Kombunorame tecr crarm-
CTHUKA APYIUX THIIOBA) 113
6 Real data analysis (Ananmsa peajHux DOIATAKA) 119
6.1 Applications to discrete data (Ilpumena Ha AUCKpEeTHE THIOBE IIOAA-
TaKa) 119
6.2 Applications to continuous data (Ilpumena Ha HenpekuiHe THIOBE IO-
IATaKa,) 121
6.3 Applications to circular data (IIpumena Ha UMpEyIapHE HOIATEE) 125
Conclusion (3armyuak) 130
Bibliography (Jluteparypa) (106 Subnuorpadckux jexuamna ) 134

Ilpso mornamie je YBOOHOT KapakTepa. ¥ BeMy Cy OedHHNCAHW NOJMOBHM U
HaBeneHa TBpDema mHeomxonma 3a kame npaheme auceprauuje. Ilopen Tora, mo-
raaBibe CAAPMKHM ¥ OPWUTMHAJHM PEe3yaTaT ayTopa KOjH ce ONHOCH Ha TIPAHUYHY
pacnomeny auncoapiic romdbmumonuje Vo cTATHCTHRA €2 OUCILCIMM IAPAMCTPHMA.
Kao cnenmjansm caydaj, HaBeIeHHW Cy PesyJITATH 34 JHUHeapHe KoMDuHAmMie Koje
yELYayjy V- cratwctrre Oe3 ouemenmux mapamerapa. OcTaTar AucepTanuje ca-
IDI OPUTHUHATHE Pe3ynTaTe ayTopa.

Y IpYIOM HMOTIABGY IPEONOKEHA ¢y OBA TECTd CATIACHOCTH CA FeOMeTPI]CKOM
pacmogenoMm Ha ocHOBY PeprycoHome kaparxTepusanuje. Ilox HyaToM XMImoTesoM
H3BeIeHE Cy I'PAHMYHE PACIIONENEe TeCT CTATHUCTUKS, NOK je 33 NPaKTHYNy HPUMEeHY
TeCTOBA NPEIIOKEHO Kopuuiliew,e napaMeTapcKor 6y TcTpena, Koje je M TCOPHjCKHA
00 pa3IoKeHo.

Tpelie nornasie je nocselieno passBojy Kiace TECTOBA CATJIACHOCTH Ca allco-
JYTHO HENDWKUAHUM CIYYajHUM BeIWUMHAMA DA3ZUPAHMX HA KapaKTePH3aIlMjaMa
Ha OCHOBY HE3ABUCHOCTH. TeCT CTATUCTHKA je KODEeNanWOHOT THUHA. 34 HY CY., ¥
OIIITEM CHyuajy, U3BefleHa IpaHWdYHa CRojcTBa. HakoH Tora cy pasMarpaHe Iep-
(popMaHCe TECTa Y CAYYajy Kaia Ce Paly O Kapakrepu3aunuju rama, uusepsse ['a-
YCOBe 3a HEIO3HaTe ImapaMeTpe, Kao u crapnapaHe Kommjese pacnonene.

UeTBpTO DOTIABEE CAAPKE HOBM TECT CATAACHOCTH ¢a 06aBH]eHOM HOPMATHOM
pacnoxenoM. TecT je 3acHOoBaH Ha MOIM(UKAIMYM KapakTepr3anuje Pyxuna koja je



IOKa3aHa y CaMo] AUCepTauuju. 3a HOBY TeCT CTATHCTUKY CY M3BEJIEHA I'DAHIYHA
CBOJCTBA HOK CY ILETOBE HEepHOPMANCEe AeMOHCTPUPAHE ¥ ONCEXRHO}] CHUMYJIAIjOHO]
CTYIEL]H.

ITeto nornarme caIp:y IPUKa3 HOBOT NPUCTYIa KOMOWHOBAWY TECT CTATHUCTH-
ka. Haume, npeamaske ce xopumhene numeapre kKoMBuHAMje TecT CTATHUCTHKA,
Npy 9eMy Cy TedxuHe oOpPHYTC NPOIOPHMOHAIHE CTAHAADIHNM OACTYIAHNMA TECT
CTATUCTURA OX HyITOM XHIOTE30M. JeAHa OJ BAXKHUX IIPEIHOCTH OBOT IPUCTYIA
je mTo ce MOMe KOPHCTHTH Kao alTepHATHEA onabupy nmoMolHUX mapaMerapa Ko-
Jju yecTo GUTypHIY y TecT CTATHCTHEKAMA, a 34BUCE OJ MOTATAKA. 34 DA3INKY OX
HARBCACHOT TPUCTYIIA, HOBH J€ 3HAYAJHO PAUyHCKH e(UKACHUH. Y OICCHKHO] CHMY-
TAINKMOHO] CTYAM]U je MOKa3aHO M Ja cy Mohu TecToBa HOBMjeMuX HOBHM OpyCTy-
moM zalosomasajylie. [llecto mormarme je mnycrpaTusror xapaxTepa. Campsku
pasinTe CKYNoBe pealjlHuXx NoJarTaka M BUXOBY AHAJK3Y Y3 IPUMEHY HEKHX O]
TECTORA IPEANOMEHHX Y HTUCEPTANU]Y, KAO M NMO3HATHUX KOHKYPEHIKHX TECTOBA.

llocnempe mOTIaBbE CAAPKU IIPErIIe HAjBAKHUINX 3aKbYYaKa, KAO U IpaBala
3a a/be NCTPAKNBAK-€, IITO NOTBPhYje aKkTyemHOCT PasMaTPaHe TeMe IHCEepPTALM-
je.



5 3Sarxmydak

Pesynraty npukazaEy y IACepTALMjH IPEACTABDA)y 3Hadajad MOIPUHOC pa-
3B0jy 0BJACTH TCCTUPAILA CTATHCTHYKMX XHIOTE3d. Y 0] CY IPCIJIOKCHH HOBHU
TECTOBH 34 TECTUPALe CAJIACHOCTU ¢a paclofelaMa Pa3JIWUMTOr THIA M 34 CBa-
KU Ccy M3BedeHM oAroBapajylim rpamwmunm pesyararw. [lopen Tora, micepranuja
CAApEM U PEIYNTAT AYTOPA KOjU ce OJHOCH Ha TPAHMYHY Daclolely AereHepH-
cagmx V-cTaTucrura ca OUEHGHUM TIapaMeTpHMa, KOjH ce MOy KODUCTHUTH W Yy
ApYruM IpobieMuMa TeCTHPAma.

Karapuua Xanaj Muneycuull je y Tean nokasaia oLIWYHO TO3HaABa®e 00IacTH,
CIOCOBHOCT Ja CAMOCTAJHO UCTPAKY e M U3BOAM CJOMKEHE MaTeMaTHUKe 3aKbyYKe,
Kao 1 A2 Ha oaroeapajyhu mauus mpuxaske pesymnrare. [lopen tora, Karapuna je
A0 cama, Y BE3M ca TeMOM Aucepranuje, objaBuna ABa KOAYTOPCKAa paja M jelan
caMocTaJEM pajn y uacommcuma ca SCl nmcere M mMana 3alakeHa NPelaBama Ha
BUINE HAYYHWX KOH(PEpeHja, 01 KOJUX jeqHOM IO HO3UBY.

Ha ocHOBY cBera Tora u IIOMTO CY UCIYHEHH M CBH (GOPMAIHM yCIOBH, IIpe-
anaxkeMo ma ce pykomuc “Novel goodness-of-fit tests based on independence-type cha-
racterizations” (HoBu TecTOBM cariaCHOCTH 3ACHOBAHM Ha KapaKTePU3amlW)aMa He-
3aBUCHOCTY CTATHCTHKA) IPUXBATE KA0 NOKTOPCKA QUCepTamuja ¥ Aa ce GopMHpa
KOMMCK]a 33 jaBHY onbpamy.

Y Beorpany, 14. asrycta 2026.
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By the decision of the Teaching-Scientific Council of the Faculty of Mathematics, University
of Belgrade, adopted at the meeting held on 3 July 2026, we were appointed as members of
the Committee for the Evaluation of the doctoral dissertation “Nowel goodness-of-fit tests
based on independence-type characterizations” submitted by doctoral candidate Katarina Halaj
Mileusni¢. Having reviewed the manuscript submitted to the Committee by Katarina Halaj
Mileusnié¢, we hereby submit the following

REPORT

1 Biography

Katarina Halaj Mileusni¢ was born on 17 November 1993 in Belgrade. She enrolled in un-
dergraduate studies at the Faculty of Mathematics (Mathematics study programme, module
Statistics, Actuarial and Financial Mathematics) in 2012 and graduated in 2016 with a grade
point average of 9.21. She completed her master’s studies in the same module in 2017 with a
grade point average of 10.00, after defending her master’s thesis, “Portfolio Optimization Based
on Value at Risk”, under the supervision of Prof. Dr. Bojana MiloSevié.

She enrolled in doctoral studies at the Faculty of Mathematics (Mathematics study pro-
gramme) in 2017. Since 2017, she has been employed at the Faculty of Transport and Traffic
Engineering, University of Belgrade, first as a teaching associate and, since 2018, as a teaching
assistant. She is a member of the Department of General and Applied Mathematics. In the
2022/2023 academic year, she taught exercise classes at the Faculty of Pharmacy.
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Conference presentations published in abstract
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models with a directional response variable. 9th European Congress of Mathematics
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IMS International Conference on Statistics and Data Science (ICSDS), Florence, Italy,
13-16 December 2022. (presenting author)

K. Halaj, B. Milogevi¢, M. Obradovi¢, M.D.Jiménez-Gamero. New class of goodness-of-fit
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20-22 September 2021. (presenting author)
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D. Tomotié, K. Halaj, M. Paskota, F. Netjasov. Analysis of factors influencing safety-
related events at airports using methods of multivariate statistical analysis. Symopis,
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Subject of the Dissertation

The subject of the doctoral dissertation is the development of goodness-of-fit tests based on
characterizations of probability distributions through the independence of statistics, i.e. char-
acterizations that can be represented in the following form.

Assume that there exist measurable functions ¥, : R* = R and s : R™ — R, which

characterize a family F of probability distributions as follows:

(X1, .., Xn) and ¥2( X1, ..., Xin) are independent <= F & F,



where Xy, ..., Xiaxtnm) ore independent and identically distributed random variables with dis-
tribution function I,

The author’s original results concern the construction of tests for different types of data,
thereby illustrating the broad applicability of the proposed approach. Characterizations are
considered for several absolutely continuous distributions, for the geometric distribution as an
example of a discrete distribution, and for the wrapped normal distribution as an example of
a characterization for circular distributions. Based on these characterizations, tests are con-
structed using {/-empirical distribution functions and various V-empirical integral transforms.
For all proposed tests, limiting distributions under the null hypothesis are derived. In some
cases, these limiting distributions can be used to approximate the distributions of the statistics
for finite sample sizes. Moreover, the derived distributions are important because they provide
a basis for justifying the bootstrap techniques employed.

4 Overview of the Dissertation

The dissertation consists of viii + 141 pages and has the following structure:

1 Imnftroduction 1
1.1 Convergence results for random elements in metric and Hilbert spaces . . . . . 2
1.2 U-and V-statistics . . . . .. ... . . 7
1.3 U-processes . . . . . . . . L 22
1.4 Characterizations of probability distributions . . . . . . . ... ... ... ... 25

2 Goodness-of-fit tests for the geometric distribution based on Ferguson’s

characterization 28
2.1 Proposed test statistics . . . . .. ... 28
2.2 Asymptotic properties . . . . . . .. L. 31
2.3 DBootstrap approximation of the null distribution . . . . ... ... ... .. .. 38
24 Powerstudy . ... .. 43
3 A correlation-type goodness-of-fit test for absolutely continuous distribu-
tions 49
3.1  Large sample properties . . . . . . .. .. L 52
3.2 Goodness-of-fit testing for selected distributions . . . .. . .. ... ... ... 64
3.3 The list of alternative distributions . . . . . . . .. .. ... ... 72
4 A goodness-of-fit test for the wrapped normal distribution 75
4.1  Construction of the novel test statistic . . . . . . .. . .. ... ... ... . .. 81
4.2  Asymptotic properties . . . . . ... 82
43 Powerstudy . . ... ... 86
5 A new approach to goodness-of-fit testing based on linear combinations of
degenerate V-statistics 96
8.1  Weight selection . . . . . . . . .. . 98
5.2 Applications to different testing problems . . . . . .. ... ... ... ... .. 100

5.3 Combining test statistics of other types . . . . . . . . . ... ... ... . ... 113



6 Real data analysis 119

6.1 Applications to discretedata . . . . . .. ... Lo o L 119
6.2 Applications to continuous data . . . . .. ... oo 121
6.3  Applications to circular data . . . . . .. ..o 125
Conclusion 130
Bibliography (106 bibliographic entries) 134

The first chapter is introductory in nature. It defines the concepts and states the results
necessary for following the remainder of the dissertation. In addition, the chapter contains
an original result of the author concerning the limiting distribution of a linear combination of
V-statistics with estimated parameters. As a special case, results are presented for linear combi-
nations involving V-statistics without estimated parameters. The remainder of the dissertation
contains the author’s original results.

In the second chapter, two goodness-of-fit tests for the geometric distribution are proposed
on the basis of Ferguson’s characterization. Under the null hypothesis, the limiting distributions
of the test statistics are derived, while for the practical implementation of the tests, the use of
a parametric bootstrap is proposed and theoretically justified.

The third chapter is devoted to the development of a class of goodness-of-fit test for abso-
lutely continuous random variables based on independence characterizations. The test statistic
is of a correlation type. Its limiting properties are derived in a general setting. The per-
formance of the test is then investigated for characterizations of the gamma distribution, the
inverse Gaussian distribution with unknown parameters, and the standard Cauchy distribution.

The fourth chapter presents a new goodness-of-fit test for the wrapped normal distribution.
The test is based on a modification of Rukhin’s characterization established in the disserta-
tion itself. Limiting properties are derived for the new test statistic, while its performance is
demonstrated in an extensive simulation study.

The fifth chapter presents a new approach to combining test statistics. Specifically, it
proposes using a linear combination of test statistics with weights inversely proportional to the
standard deviations of the test statistics under the null hypothesis. One important advantage
of this approach is that it can be used as an alternative to sclecting auxiliary parameters that
often appear in test statistics and depend on the data. Compared with such parameter-selection
procedures, the new approach is substantially more computationally efficient. An extensive
simulation study also shows that the powers of the tests obtained using the new approach are
satisfactory.

The sixth chapter is illustrative in nature. It contains varicus real data sets and their
analyses using some of the tests proposed in the dissertation, as well as well-known competing
tests.

The final chapter provides an overview of the most important conclusions and directions for
further research, confirming the current relevance of the dissertation topic.



5 Conclusion

The results presented in the dissertation make a significant contribution to the development of
the field of statistical hypothesis testing. New goodness-of-fit tests for distributions of different
types are proposed, and appropriate limiting results are derived for each of them. In addition,
the dissertation contains an original result of the author concerning the limiting distribution
of degenerate V-statistics with estimated parameters, which can also be used in other testing
problems.

In the dissertation, Katarina Halaj Mileusni¢ has demonstrated excellent knowledge of the
field, the ability to conduct independent research and derive complex mathematical conclusions,
as well as the ability to present results appropriately. In addition, Katarina has so far published,
in connection with the dissertation topic, two co-authored papers and one single-authored paper
in SCl-indexed journals, and has delivered notable presentations at several scientific conferences,
including one invited talk.

Taking all of the above into the account, and given that all formal requirements have also
been fulfilled, we propose the manuscript “Novel goodness-of-fit tests based on independence-
type characterizations” to be accepted as a doctoral dissertation, and to appoint a committee
for its public defense.
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